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PREFACE. 



The Author deems it necessary to state, that this little book is 
not made up of selected portions of his Edition of Wood's Alge- 
bra, but is an entirely new and original work, planned and con- 
structed, with no inconsiderable amount of thought and labour, for 
the special use of three classes of persons, 1st, The junior boys in 
Schools, who, in the Author's opinion, might devote much of the 
time, now given to common arithmetic, more profitably and plea- 
santly to Easy Algebra, superior, as it confessedly is, both for men- 
tal exercise and as an instrument of calculation ; 2nd, Those older 
Students, who either have not the time or the will to learn more 
than the Jirst rudiments of mathematical analysis ; and, 3rd, The 
working men, of small leisure, but good understanding, who are 
often found (at least in the manufacturing districts) engaged in 
researches that would do credit even to persons of greater ability, 
but yet baffled and perplexed for want of a higher power of com- 
putation than common arithmetic can supply. 

The Author has carefully examined all the books in use at the 
present time, which profess to have a similar object. Some begin 
with incorrect Definitions, and lead the Student astray at the very 
outset. Others are ari'anged in so unconnected a manner, and so 
entirely without a plan, that one main element of usefulness is 
wholly wanting — that which constitutes the glory of Euclid — con- 
secutive reasoning and deduction. Others, again, professing to be 
"Algebra made Easy," are really little more than Arithmetic made 
Hard, And the general result of the Author s examination is, he 
is not afraid to say, that no Easy Algebra has hitherto been pub- 
lished, at least in this country, in which the subject is not either 
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incorrectly treated, badly arranged, or needlessly debased. At th< 
request of many persons, who feel the want of something better 
the present attempt is made to supply the deficiency, and t< 
public criticism it is now hopefully committed. 

It will be seen that the book is printed with the best type an< 
skill of the Pitt Press, regardless of expense, from the Author* 
conviction, founded on much experience, that the bad printing o 
Mathematics often leads to bad writing on the part of the Student 
which is the source of much subsequent carelessness and error. 

T. L. 



Morton Rectory, near Alfreton, 
March 1, 1850. 



ADVERTISEMENT TO THE THIRD EDITION. 



This Edition differs in no respect from the last, except 
in the correction of a few typographical errors ; but, 
by increasing the number of copies printed from 3,000 
to 5,000, the Author has been enabled considerably to 
reduce the price of the book, and thus effectually to 
meet the wishes of many working-men and underpaid 
schoolmasters, to whom the expenditure of every shil- 
ling is a matter of importance. 

This little work, it may be proper to observe, con- 
tains all the Algebra required for the ordinary B.A. 
degree at Cambridge, and is used as a class-book in 
the principal lecture-rooms of that University. It has 
been found also, as intended by the Author, to be pecu- 
liarly adapted for the adult classes connected with 
educational institutions in the manufacturing districts, 
as well as for commercial schools generally. The steady 
sale of the last Edition (3,000 copies) warrants the 
Author in believing that he has tolerably well hit the 
mark which he aimed at. 



T.L. 



I\IoRTON Rectory, 
May 1, 1866. 
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ALGEBEA. 



Algebra is most simply defined as Universal^ or Gc' 
neral, Arithmetic, It is an extension of the powers of com- 
mon Arithmetic by the use of letters to denote numbers, 
instead of the figures 1, 2, 3, &c.; and it bears somewhat 
the same relation to Arithmetic that Steam-Power does to 
ordinary manual labour — inasmuch as what Arithmetic can 
do Algebra will often do more easily, and much which Arith- 
metic cannot do at all Algebra can. 

To take a simple example, suppose the following question 
proposed : — 

"What number is that which, upon being increased by 
10, becomes 3 times as great as it was before?" 

The mere Arithmetician would probably proceed by the 
Rule of Double Position thus : 

1st. Suppose 20 to be the number, 

then, since the number increased by 10 becomes 30, 

and 3 times 20 is 60, 

the error is 30. 

2nd. Suppose 10 to be the number, 

then, since the number increased by 10 becomes 20, 

and 3 times 10 is 30, 

the error is 10. 

Hence, by Rule^ 30 times 10, or 300, diminished by 10 
times 20, or 200, leaves 100; and this divided by 20, (the 
difference of the Errors)^ gives 5 for the number required. 

Now let the reader compare this Arithmetical working 
with that by which Algebra would enable him to attain the 
same result — ^not attempting, of course, at present to under' 
Hand the latter, but simply observing the shortness^ and 
evident simplicity, of the computation. 

The Algebraist would proceed thus. 

Let X be the number, 

then 4? + 10 = 3x, by the question, 

2««10, 

X s 5, the required number. 
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By means of these four fthort lines the proposed question 
is completely solved^ and vrith such ease as to put to shame 
all attempts to solve such questions by the Arithmetical 
Rule. 

In like manner it might easily be shewn^ if it were not 
out of place here^ that the solution of other questions lies 
within the power of Algebra^ which common Arithmetic 
cannot touch at all. But this the Student may be safely 
left to gather for himself as he proceeds. 

DEFINITIONS, FIRST PRINCIPLES, AND NOTATION. 

1, QuatUitj/, (from the Latin quantus^ 'how much') is a 
word in common use, answering to the question, ^how 
much'^ or ^how many', and therefore expressed by some 
number. Thus a quantity of persons is expressed or mea- 
sured by the number of them — a quantity of cloth by the 
number of yards it contains ; and so on. 

Hence, to express ^any quantity', as is required to be 
done in Algebra, we must have something which will ex- 
press ^ any number'; and for this purpose the letters of the 
Alphabet are found convenient. Thus, for example, instead 
of writing or saying *any quantity multiplied by any other 
quantity', we merely write or say 'a multiplied by 6', where 
a represents, or stands for, any number, and b any other 
number*. So that, just as the operations of Arithmetic are 
simplified and abridged by using the figures 1, 2, 3, &c. 
instead of the words^ one, two, three, &c., the operations of 
Algebra are abridged by using, instead of words, the letters 
a, b, Gy r&LC, X, y, Zy to represent, or stand for, general num- 
bers. 

Various Signs or Symbols also are used, for the sake of 
convenience, to express the various Arithmetical Operations 
of Addition, Subtraction, Multiplication, Division, &:c. These 
may be any distinct marks which Algebraists can agree 
upon. At present they are as follow : 

2. (Addition). + is read plus (Latin for more), and 
signifies that the quantity which comes next after it is to be 
added to that which goes before. Thus a + b, (which is 
read a plus b), signifies that the quantity represented by b 

» To express * any quantitjr multiplied by any other quantity' it would 
not be correct to say *■ a multiplied by a* : this would only express ' any 
quantity multiplied by iu^lf. 
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is to be added to the quanlity represented by a. If « stand 
for 5, and b for 7, then a + 6 is 5 -ir 7, and is equal to IS. 
If also c stand for 4, then a + 6 + c> (which is re^ a plus b 
plus c)y is equal to 12 + 4, or 16. 

3. (Subtraction). — is rea<^ minus (Latin for less)y 
and signifies that the quantity which comes next after it is 
to he subtracted from that which goes before. Thus a—b, 
(which is read a minus b), signifies that the quantity b is to 
be subtracted from the quantity a. If n st^nd for 10, and b 
for 6, then a — 6 is IQ— 6, and is equal to 4. If also c stand 
for 3, then a — b-c, (which is read a minus b minus c), is 
equal to 4 -3, or 1. 

[^Ea:ercises A, 1 ... 4, page 5.] 

4. (Multiplication), x is read into, or times, and 
signifies that the quantity which comes next after it is to be 
multiplied by that which goes before. Thus axb, (which 
is read a into b, or a times b), signifies that b is to be multi- 
plied by a, or taken a times. If a stand for 6, and b for 4t, 
then axb is 6 times 4^ and is equal to 24. If also c stand 
for 2, then ax bx c, (which is read a into b into c), is equal 
to 24 X 2, or 48. 

Similarly 3xx means x taken 3 times^ and is read ^3 
times x\ or more usually ' three x\ meaning 'three x's\ 

This symbol x is often abbreviated to a pointy or even 
omitted altogether, where it must be understood* Thus 
axb, a,b, and ab, all mean the same thing, viz. a times b. 
Similarly 3x will stand for ' 3 times x' ; ' 7j^ for 7 times y*^; 
and so on. 

Again axbxc, a.b.c^ and abc, all mean the same thing; 
and 3x1/ means ^3 times the product of a; and i/'. 

Observe, then, that when no sign of operation is found 
between two letters standing together, or between a figure 
and a letter, as in ab, 3jr, the word ^times' must be under^ 
stood between them, as a times 6, 3 times x. We may omit 
the word in reading Algebra, but it is always to be under- 
stood. Care must be taken by the learner not to confound 
3^ with 3-¥Xj that is, 3 times x with 3 plus x; and so also in 
other like cases. There is the more need to be careful here, 
because in Common Arithmetic the case is precisely reversed. 
There the sign of Addition is constantly omitted and under« 
stood: for instance, 2h stands for 2+^; 23 means 20 + 3: 
and so on. Hence although the Sign of Midtiplicalion i^ay 
be omitted between two letters^ or a Jigure and a letter, it is 

1—2 
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obvious that it must never be omitted between two Arith- 
metical Numbers which are to be multiplied together : for 
instance 57 cannot be used conveniently to stand for 5x7. 
Also in such cases it is not well to use the abbreviated sign, 
as 5.7, on account of its similarity to the decimal point : 
but between numerals^ which are to be multiplied together, 
the full sign x should always be used. 

[^Exercises A, 5... 12, page 5.] 

5. Again, since we know that 3x4 is equal to 4x5, 

5x7 7x5, 

6x10 10x6, 

and so on, whatever numbers we take ; therefore we may 
say generally, that 

axb is equal to 5 x a, 

or ab is equal to ba, 

6. (Factors). Every quantity which enters as a muU 
tiplier to make up a product is called a factor of that pro- 
duct. Thus 5 and 7 are the factors of 35, because 5x7 
makes 35 ; 3 and x are the factors o£ 3x; a and b are the 

factors of ab ; and so on. 

Observe, it must be either an actual product, as 35, 
or the equivalent expression, as 5x7, which has factors : 
in other words, the existence of factors presupposes a mul- 
tiplication either already effected, or to be effected. So that 
any quantity which has not been, and cannot be, made or 
produced by multiplication, has no factors. Thus each of the 
quantities 7, 13, 17> has no factors, since there is no number 
except 1 which by multiplication will produce any of them. 
If, however, 1 be considered as a number, then the factors 
in each of these cases are respectively 1 and 7, 1 and 13, 
1 and 17. 

7* (Coefficients). In the quantity ab, or its equal ba, 
a is the co-factor of b, and b is the co-factor of a ; (just as 
we say, of two persons in partnership, that each is the co- 
partner of the other). But instead of * co-factor ' the word 
''coefficient * is generally used ; so that, in ab, a is called the 
coefficient ofb, and b the coefficient of a. Thus, in 3x, the co^ 
efficient of x is 3, because 3 is the co-factor of x to make 3x. 

Also, in 3xy, 3 is the co-factor or coefficient of xy ; 3x 
is the co-factor or coefficient of y; 3y is the co-factor or co- 
efficient of X. 
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In 2ahc, 9,ah is the coefficient of c ; Qac is the coefficient 
of b; 2bc is the coefficient of a; 2 is the coefficient of ahc; 
2a is the coefficient of 6c ; and so on. 

In a, the only factors being 1 and a, the co-factor or 
coefficient of a is 1. 

In other words, <Ae number of times a quantity is taken 
is the coefficient of that quantity. Taking the same examples, 
3x is 3 <iwe* j?, or 3 is the coefficient of j? ; 3a:^ is 3 /iwie^ xy, 
or 3 is the coefficient of xy; or it is Sx times y, that is, Sx is 
the coefficient o£ y; or it is Sy times x, (since xy is equal to 
yx) (Art. 5)*, that is, 3^ is the coefficient of x. In a, a is 
taken 1 time or once, and 1 is the coefficient of a. 

There is no impropriety in making use of such an ex- 
pression as Sx times ^ or 2ab times ^ because each letter repre- 
sents a number. (Art, 1). Thus, in Sxy^ if x stand for 10, 
Sx would be 30, and Sx times y would be 30^. 

\JExercises A, 13... 20, page 6] 

8. (Division), -t- is read ^ divided by', or more shortly 
* by\ and signifies that the quantity which comes next after 
it is to be the divisor of that which goes before. Thus a ~ 6 
(which is read a by b) signifies that a is to be divided by b. 
Thus 8 -7- 4 is equal to 2. But this symbol for division is not 

much used, because the fraction j-, (which is also read a by b), 

means the same thing as a-r-b, and is found more conve- 

8 
nient : thus - is the same as 8 -f- 4, both being equal to 2. 
4 

[Exercises A, 21... 30, page 6.] 

EXERCISES. A. 

If a stand for 10, 6 for 3, and x for 7, what is the value 
of each of the following quantitiest.'' 

(1) a + b + x. 



(2) a + 6 - X. 

(3) a^b + x. 

(4) a — b^x. 



(5) 2a - X. 

(6) 4fl + 36 - 2 X. 



(7) 7a + 26 - 2x. 

(8) 5ii - 46 - 4x. 

(9) 2a6 - Sx. 

(10) 2a + 5 - S6x + 100. 

(11) ^ab — abx. 

(12) 3a + 6x-xar. 



* This is the usual way of referring the reader to a previous clause or article, 
t 1 he answers to all the Exercises will be found at the end of the book. 
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(15) Whtft 18 the noeffident of or in Sax ? 

(14) What is the co^cient of x in 6abx} 

(15) What is the coefficient of &« in 6abx ? 

(16) What is the coefficient of n in each of the quan- 
tities 2a, Zab, abx^ Sahx, ma, axx, pax^ ahxy ? 

(17) What is the coefficient of 25 in 125 ? 

(18) What IS the difference between 3+x, and 3x, 
when X stands fot 7 ? 

(19) What is the difference between 3a -^-x^ and 3a -x, 
when a stands for 10, and x for 6 ? 

(20) What is the difference between 3a + x, and Sax^ 
when a stands for Sy and x for ^ ? 



Find the value of ea^xh of the following quantities, when 
a stands for 10, b for 3, and x for 7 : 



(21) 


Sax -r 7. 


(22) 


Sax -i- 7b, 


(23) 


2a +x 
b • 


(24) 


Sb + Sx 

• 
a 


(25) 


a- X 

b ' 



Sa ^ abx 
b 21a 

5a + x 5b + a 



b 

Sx 



- + 



^x-Sip 
4ibx 



(26) 
(27) 
(28) 

(29) Sx-a^b' x-b' 

(30) ^^^J^ PfL, 

^ ' A+j? a — x a — o 



4a + 2 10a~l6* 
2a + 4i a - 2i^ 



9. (Involution). If a quantity is multiplied by itself 
any number of times, the quantity is said to be involved^ 
and the operation is called Involution. Here the following 
convenient abbreviations are used : — 

a X a we write a*, which is called the 2nd power of a ; 



axaxa a 



axaxaxa 



a' 



3rd 
4th 



and «o on ; a, or a\ being called the 1st power of a. 
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Also a' is called the square of a> and is read ^ a square' ; 

fl" cube 'a cube'; 

a* is read 'a to the 4th'; a' is read ^ a to the 5tb'; and so on. 

Observe, a is the same as t^, not of. 

The small figures *, *, ', *, &c. placed as above to the 
right of quantities are called their indices^ because they point 
out the power of the quantities. 

So, then, we have now an abbreviated form for both 
a-^-a, and axa. The former is written 2a, the latter o^. 

If a stand for 4, 2a is equal to 8, and a' is equal to l6. 
Also, it must be carefully remembered that 2a^ does not 
mean the square of 2a, but twice the square of a. 

[^Exercises B, 1...8, page 8.] 

10. (Evolution). Evolution is exactly the reverse 
operation to Involution. It is the process by which we 
' evolve' or ' extract* the original quantity, called ' ro(U', by 
the Involution of which a proposed quantity is produced. 
For example, the 'square root' of any proposed quantity is 
that quantity which, being multiplied by itself^ or squared, 
will produce the proposed quantity. Also the ' cube root* is 
that quantity which being cubed will produce the proposed 
quantity. Thus 3 is the square root of 9, because 3 squared, 
or 3x3, is equal to 9 ; and 3 is the cube root of 27 » because . 
3 cubed, or 3x3x3, is equal to 27. 

Again, a is the square root of a\ because axa gives a' ; 
also a is the cube root of a*, because axaxa gives a^ 

The abbreviations here are these : 

Instead of writing 'the square root of we write J/^, or ^; 

'the cube root of ^~. 

The symbol ^ is a corruption of the letter r, the first 
letter of the word * root', and as the letter r is now oflen used 

in Algebra for other purposes, the more unlike fj is made to 
its original form the better. 

For the square root J^ is commonly used, not IJ , which 
is more strictly correct. And it is read simply ^root', but 

meaning the square root, Thus ^ is read * root a', mean- 
ing the square root of a. 

Again, just as a+a is written 2a, so Ja+Ja, or twice 
the square root of a, is written 2 Ja^ and read 'twice root a\ 
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Also Jab signifies ^the square root of a times h'; 

Ja + b 'the square root of a plus b\ that is of 

the sum of a and b; and so on, the symbol J~ being extended 
in its upper limb to cover the whole quantity of which the 
root is to be taken. 

Hence, if a stand for l6, and b for 9, Ja + b is equal to 

J^, or 5; and Jab is equal to JiH, or 12. 

Also j^ T means that ' the square root of the fraction 



a 



Ja 



Tf is to be taken ; but ^ means that 'the square root of a 

is to be divided by b'. 

[^Exercises B, 9.. .21.] 

EXERCISES. B. 

If a stand for 1, b for 9, and c for 8, find the value of 
each of the following quantities : 



(1) a« + 6«-c«. 

(2) 13a* + S6'-4c*. 

(3) 5a6c - 226* + Sc*. 

(4) a'b + b'c. 

(5) 12a6'+20a*6-2^c«. 



(9) ^Jb-JiF. 

(10) J^-\-J^. 

(11) a+Jb-'J^'hZj^bc. 

(12) V2C + 6 - ^26 - 2a. 

(IS) fn^^^+n^^pj2^. 

(14) J^+J^-qJF. 

(15) Jb + c-a- J 3b - 2c - Sa. 

(16) Ji + J^c.^^^^jr^. 

(17) What is the difference between 3a, and o*, when 
a stanas for 2 ? 

(18) What is the difference between 2 Jx, and 2 + ^x, 
whenx is 100.^ 

(19) What is the difference between sjxy and l/x^ 
when X is 64 ? 

(20) What is the difference between Ja + b, and 
Ja + b, when a stands for 1, and b for 8 } 



a b ^a 

^^^ 3c " 2bc' 
(8) ma^ + nb^-pc*. 



DEFINITIONS, &C. 9 

(21) What is the difference between a /t> and-^, 
when a stands for 1 6, and h for 4 ? 

11. The following are certain other symbols^ or abbre- 
viations, in common use : — 

= stands for 'w equal id, and is read ^equals'. Thus 
2+4 = 6; a + x = 6, is read, < a plus a; equals 6', and means 

that the sum of a and x is equal to 6; 8-t-4 = 2; ^25 = 5 ; 
and so on. 

> stands for ' is greater than' ; thus a>b signifies that a 
is greater than h, 

< stands for ' is less than' ; thus a<zb signifies that a is 
less than b, 

.•. stands for ' therefore' ; •.• for * since' y or ' because^, 

12. (Terms). Algebraical quantities are said to consist 
of one or more ^terms', according as they are composed of one 
or more parts separated by the signs + or — . Thus a is a 
quantity of one tei'm : so also is each of the quantities 2a, 
aby a% abc^ and so on. Again, a + 5 is a quantity of two 
terms : so also is a — b, and ab + ac, and a^b — abc^ and so 
on. A quantity of three terms is of the form a-h b-hc; &c. 

13. (Positive and Negative Quantities). Any 
quantity of one term preceded by the sign +, taken together 
with the sign, is called a positive quantity. Any quantity of 
one term preceded by the sign — , taken together with the 
sign, is called a negative quantity. And since +a is the same 
as a, (for it signifies a to oe added to O) all quantities of one 
term, without either + or — preceding, are positive quantities. 
Any quantity of more terms than one will be positive or 
negative according as the sum of the positive terms taken 
together exceeds or falls short of the sum of the negative 
terms taken together. 

This may be illustrated by the case of a person taking 
an account of what money he is worth. He first puts down 
his stock on hand, which may be represented by a, without 
sisn : then the amount of the sums due to him from others, 
which may be represented by b, with a + sign before it, 
because it is to be added to a. Then his debts are to be 
subtracted, and their amount may be represented by — c, a 
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negative quantity ; so that the money which he is really worth 
will be represented by /i + 6-c. 

In a case like this a person easily distinguishes between 
positive and negative quantities ; and if he finds that c is 
greater than a + 6^ he has no difficulty in folly comprehend- 
ing the meaning of a negative quantity, 

N.B. Although there are many 'signs* in Algebra, as 
the preceding pages testify, yet when we speak simply of 
' the sign' of a quantity^ we always mean either + or — , that 
is, simply to express whether the quantity is positive or 
negative. 

QUESTIONS. 

1. How do you define Algebra^ and of what use is it ? 

2. What do you mean by ' Quantity* ? 

3. Why do we use letters to represent quantities in 
Algebra ? 

4. What do you mean by a+h? Write it at full length 
in words. Does 2 + 5 mean that 2 is added to 5 ? 

5« What does 23 mean in Anthmetic ? What does ab 
mean in Algebra f 

6. What is 3a an abridgment of? Which is greater 
3a, or 3a -b} 

7. If a stand for 1^ 6 for 2, and c for 3, would abc h6 
equal to 123 ? If not, what is it equal to ? 

8. What does 5§ mean in Arithmetic f What does a - 

^ c 

mean in Algebra ? 

9. According to the definition of +, what is the mean* 
ing a£ + a standing thus alone ? 

10. Is the quantity, whose /actor* are 6 and 7> the same 
as that whose factors are 7 and 6 ? What is the quantity ? 
Is a6 A factor of abc ? What is understood between any two 
contiguous letters in abc ? 

11. ' What is signified by a6 — c? Write it in words. 

12. What is signified by 2ab + 3 ? Write it in words. 
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ADDITION. 

14. Depiniti6i^. Like quantities are sudi us differ 
only in the nnmeriedl coefficients. 

Thus 4a^ 7^, 10a, are /tiS:^ quantities ; so also are Sah, 
6abf ab : so again are c^, St^, 5a' ; and so on. 

Def. Unlike quantities are such as are dther repre- 
setited by different letters, or by different combinations of 
the same letters. 

Thus a, 6, X are unlike quantities ; so also are 2a, Sb, 4>x; 
so again are a 6, a'b, a'b^ ; and so on. 

Ex. 1. Group together like quantities, with their proper 
sights, from 5a— 3b, 4a +76, and - 8a — 56. 



Ans. 



+ 5a 
+ 4a 
-8a 



"" ^^ Here the quantities in each column 
+ 76 are like, but the two columns are 
— 5b unlike. 

Ex. 2. Group together like quantities, with their proper 
signs, from 

a^ + Sa^'b + 3a6* + 2a' + 26« + 5fl6' - Sac^ - a'6 - 6^ . 
Ans. 



+ a» 


+ 3a'6 


+ 3a6» 


-8ac* 


+ 26^ 


+ 2a« 


- a'6 


-\-5ab'' 




- 6« 



-36 


+ 76c 


+ 6*c 


— 5abc 


+ 2xy 


-3x' 


+ 56« 


+ 66 


-26c 


+ 76"c 


+ a6c 


- xy 


-5x' 


-26^ 


- 6 










+ x' 





Ex. 3. Group together like quantities, with their proper 
signs, from 2a - 36 + 76c + b^c - 5abc + 2xy - 3x* + 5b* + 76'c 
-ga- 26' + 66 + 10a-5ar'- jr^ + a^ + a6c-26c+c'-6-3c*. 

Ans. + 2a -36 +76c + 6*c -5a6c +2xy -34?' +56* + c* 
- 9a +66 -26c +76*c + a6c - xv -5x' -26' -3c'' 
+ 10a 

15. To add like quantities together. 

Rule 1st. When the quantities to be added together are 
preceded by the same sign, either + or — , {bearing in mind that 
JOT such as have no sign + is to be understood (Art, 13)} the 
addition is performed by taking the sum of all the numerical 
coefficients, rvith that sign, for the new coefficient, and annex^ 
ing to the right hand of it the common letter or letters. 

Thus 5a and 4a added together make Qa ; for 5a means 
5 times a, that is,a + a + a + a + a, and 4a means 4 times a, 
that is, a-^a + a-^a, therefore 5a added to 4a is clearly a 
taken 9 times or 9a. Again, - 26 means 26 to be subtracted. 
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and — Sb means 3b to be subtracted, therefore — 26 added to 
— Sb is 26 to be subtracted added to Sb to be subtracted, 
which is clearly 5b to be subtracted, that is, — 5b» And the 
same reasoning will apply to any like quantities. 

Rule 2nd. When the like quantities to be added together 
have different signs, some +, others —, the addition is per- 
formed by taking the difference between the sum of the positive, 
and the sum of the negative^ coefficients^ with the sign of the 
greater sum for the new coefficient, and annexing the com-' 
mon letter or letters. 

Thus if 5a, or + 5a, is to be added to — 2a, this can only 
mean that we are to find the joint effect of adding 5a and 
subtracting 2a, which clearly leaves 3a to be added, that is, 
+ 3a, 

Again, to add together Sa^ -2a, -'5a, and 10a; here 
we have 13a positive, and 7« negative; therefore upon the 
whole we have 6a positive, that is, the sum of the quantities 
is + 6a. 

Also, to add together — Sa, 2a, 5a, and - 10a : here we 
have 7a positive, and 13a negative, therefore upon the 
whole we have 6a negative, that is, the sum of the quantities 
is — 6a. 

The following additions are correctly performed for the 
learner's inspection : — 



2x 


Sab 


-5a 


- ab 


4x 


5ab 


-6a 


-5ab 


7x 


2ab 


-2a 


-Sab 


X 


ab 
Uab 

Qxy 


— a 


-2ab 


Sums 14j? 


-14a 


-liab 


4a 


Sa^ 


15ab' 


-7a 


7^ 


2a" 


- 7ab' 


5a 


-6xy 


-6a' 


- 4a6" 


— a 


- xy 


7a' 


9ab' 


a 


+ 5xy 


-4a' 


- Sab' 


10a 


^y 


-5a' 


- ab' 


-6a 


-Sxy 



10a' 


- lOab' 


Sum =: 6a 


7a' 


-ah' 
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Rule 3rd. When quantities of two or more terms are to 
he added together, like terms may be added separately^ and 
these sums, with their proper signs, placed in one line^ will be 
the sum required. 

Thus if 2a + 3b is to be added to 3a+46, 2a and 3a be- 
ing added together make 5a ; and + 3b added to + 46 makes 
+ 7^; 8o that the whole sum required is 5a + 76. Or, if 
3a "Ah is to be added to 2a-\-3b, 2a and 3a make 5a, —46 
and + 3b leaves - 6 ; so that the sum required is 5a - 6. 

In fact, since 2a +36 means no more than that 36 is 
to he added to 2a, and 3a +46 that 46 is to be added to 3a, 
when we say, add together 9,a + 3b, and 3a +46, it is plainly 
the same as saying, add together 2a, 36, 3a^ and 46. 

And, indeed, this is no more than is done in Arithmetic^ 
when we add two or more sums of money together, we 
separate like terms from all and add them together, all the 
pence together, and all the shillings together, and all the 
pounds together. 

Ex. 1. Find the sum of 5a — 36, and 4a — 76. 

5a -36 
4a -lb 

Sum = 9a- 106 

Here 5a added to 4a is Qa; and 36 to be subtracted 
together with 76 to be subtracted is manifestly 106 to be 
subtracted, that is, —106. 

Ex. 2. Find the sum of 5a -36, and 4^ + 76. 

5a - 36 
4a + 76 

Sum = 9« + 46 



Here 5a added to 4a is 9a ; 76 to be added and 36 to 
be subtracted leaves 46 to be added, that is, +46. 

Ex. 3. Find the sum of 5a — 36, 4a +76, and — Sa— 5b, 

5a '-3b 

4a + 76 

-8a- 56 

Sum = a - 6 



Here we have Qa positive, and 8a negative, which leaves 
la, or a, positive : then we have 76 positive, and 86 nega- 
tive, which leaves lb,orb negative. 
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Ex. 4. Fkid the sam of Sa^ 4- 4^ - e" 4- 10> r* 5a' + 
ete + g^'-lS, and-4a'--96c- 10tf*4'21. 

Grouping &'A>6 quantities in order under each other^ we 
have 

3a' + 4&c-- ^' + 10 
-50^ + 6^+ 2e*-15 

Sum = - 6c^ + &c — 9e* + l6 

The first column pf like quantities consists of Sa* posi- 
tive, and 9a* negative, which leaves 6a* negative, or — Qa^* 
The second is \Obc positive, ^nd ^bc negative, which leaves 
Ihc, or be, positive, or + 6c. The next is ae* positive, and 
1 le" negative, which leaves 9e* negative, or - 9e*. The last 
is 31 positive, and 15 pegative, which leaves l6 positive; 
or +10. 

{Exercises C, 1...24, page 15.] 

16. To add unlike quantities together. 

Rule. Strictly speaking this is impossible. All that is 
meant is, to combine the quantities together in a more conve^ 
nientform with the necessary algebraical signs » 

Thus, in this sense, the sum of a, — btC,— d, and e, is 
a — b + c — d-he. The quantities are in no sense actually 
added together ; but they are so placed as to express a/ge« 
braically the aggregate of them. For it must be borne in 
mind that a + 6 does not signify that b is added to a, but that 
it 2^ to be added, when we know the numbers which a and b 
stand for. 

17» Rule. If the quantities to be added together consist 
of both like and unlike terms, the like terms must be added by 
the method of Art, 15, and the unlike affixed to that sum in the 
same line with their proper signs. 

It is immaterial in what order the quantities are set down 
in the sum, provided each has its proper sign. But it is 
usual to keep the order of the alphabet, unless there be some 
special reason for a different arrangement. 

Ex. 1. Add together a+2i-c, a-5e+2(?, and x-hy-^-Se, 



Here a and a are like, 

— 5e and +3e 

— c and + 2c 

the rest are unlike. 



a + ^b-c 
a-Se+Qc 
Se-hx+y 



Sum = 2a + 26 + 4? - 8^ + jr+y 
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Ex. 2, Add together Sa^-bc, 26*- ac, ^*'-ab, and 



Here Sa^ and a* are Hke^ 

26" and + ^ 

4c* and — c* 

the rest are unlike. 



3a* - be 

26* - flfc 

4c*-fl6 
a*-f 6*- c* 

Sum = 4a* + 36* + Sc* -a6 -flc -6c 



Ex. S, Add together jry - 1, a?*+ 2, and y+ 3. 

Here the terms are all 
unlike, except — 1,+2, and 



+ 3. 



j:' + 2 

y+3 



Sum = df* + j!^ +y + 4 



[^Exercises C, 25. ..30.] 

18. The Rules above given for the Addition of like and 
unlike algebraical quantities are in no wise different from 
those employed in Arithmetic. For suppose we have to add 
together 3 hundreds^ and 4 hundreds, we combine these 
like quantities by taking the sum of the coefficients 3 and 4, 
so as to make 7 hundreds. But if we have to add together 
3 hundreds, 5 tens, and 6 units, these, being unlike quantities, 
cannot be added in the same sense, but are merely collected 
together in one line, 3 hundreds + 5 tens + 6 units, which for 
convenience is written shortly 356. 

EXERCISES. C. 
Add together 

(1) a + 6, and a + 6. 

(2) a + b, and a - 6. 

(3) a - 6, and a — 6. 

(4) a — 6 + c, and a+b — c. 

(5) a — 6 + c, and a + 6 + c. 



(12) 
(13) 
(14) 
(15) 



(6) l-2m+3»,and3m-2«+l. 

(7) 5m + 3, and 2m - 4. 

(8) Sjn/ - 2x, and xy + 6x. 

(9) 4p-2g+l,and7-3/)+g. 
(10) Sab-Qbc, and ab + be. 

9.ax + 3bt/, and aor — by, 
3/1 - 26 + 4c, and 2a-3b-\' c. 
xy + x — 7, and 3xy — 2ar + 3. 
p + q-pq, and 2p7 - 3p + 2g. 
p^-¥2pq + 9*, and p'-2pg + 9^. 
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(16) 7fl6 - 5ac + 1, and a^ + 6ac- 2. 

(17) 7^-6^> -^- %>-•»? + ^5 —2x + 3y, and x + 8tf. 

(18) 3 -a, -8-fl, 7«-l, -a-1, and 9 + a. 

(19) a-Sb-^Sc-dy and a + Si + 3c + A 

(20) a^+2ab + h\ and 20^ -ah-- Sb\ 

(21) 3a^-6jr + 5, 2ar-3-a:*, and 4-a;-2«*. 

(22) flc + hdy hd - cd, and ac + ci. 

(23) ajr - 6^, or + ^, and oar — a? — 6y -^. 

(2 4) 4a:*^ — 405?^ — 2a*j? + 2^*, and x^y + cray + a*a? - x\ 

(25) 8mn + m, and 1 — « — 7»i». 

(26) 9ar- 8^ - 7, and Sz - Qx ■¥ 6tf -¥ 7- 

(27) x^ - 2ax* + a% a^ + Saa?', and 2a® -aa?- d*x. 

(28) a«-3a5-|6', 26»-|6»+c^ «&-J«»' + i», and 
2fl6 - ^h\ 

(29) i^j' + 2a?^, fa:*- xy +y, and mjr + n^. 

(30) ad-^^bd-Scd, ^ad-^bdy and ^«2> + 2c(f-ac. 

QUESTIONS. 

1. Are 4«, and 46, 'Zi^e' or ^unlike' quantities ? 

2. Are 4a, and —3a, 'like' or * unlike* quantities? 

3. Are a:*, and .»•, ''like* or * unlike* quantities? 

4. Are 2xy, and ^xy, ^/iAre' or 'unlike* quantities? 

5. Are bx^y, and 4^j:*, '/e^e' or ^unlike* quantities ? 

6. Express the '•sum* of each pair of quantities in each 
of the preceding questions. 
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19. To SUBTRACT^ or take away, one quantity from another. 

Rule. Change the sign of the quantity to be subtracted, 
+ into — , or — into +, as the case may be, and then add the 
quantities together by the rules for Addition, 

1st. If the quantities are like^ and of the same sign, 
that is, both positive or both negative, their difference is 
found by taking the difference of the numerical coefficients, 
with that sign, for the new coefficient, and annexing to the 
right hand the common letter or letters. 
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Thus, suppose 9a is to be taken from Sa^ since 5a=Sa+2a, 
•'. 2a, which is the same as + 2a, taken from 5a, leaves 3a. 

Or, suppose — 2a is to be taken from — 5a, since — 5a 
= — Sa — 2a, .*. — 2a taken from — 5a leaves — 3a., 

2nd, If the quantities are like, but of different signs, that 
is, one positive, and the other negative, their difference is found 
by taking the sum of the numerical coefficients for the new 
coefficient, with the sign of the quantity from which the other 
is to be taken, and annexing the common letter or letters. 

For, suppose 2a id' to be taken from •- 5a, the result is 
obviously equal to —5a — 2a, which we know to be — 7a. 
Or, if — 2a is to be taken from 5ay since Sa^^Ja — 2a, 
.'. — 2a taken away from 5a leaves 7o» 

3rd, If the quantities are unlike^ their difference cannot 
be found, but can only he expressed by writing the quan- 
tities in one line with the proper signs. 

Thus, if 6 is to be taken from a, this is expressed by 
a — 6. If — 6 is to be taken from a, since a = a + b — b, .•. —b 
taken from a leaves a+b. 

Hence, collecting together the several cases which can 
occur, 

2a, or + 2a taken from 5a, or + 5a, leaves + 3a^ 
— 2a' —5a,' — 3a, 

-7a, 

+ 7a; 



2a, or + 2a t 5a^ 

— 2a + 5ay 



b, or 4- 6 a, or 4 a, + a — &, 

-b a, or-f-a, +a + 6; 

and observing that the same reasoning will apply ta any 
other quantities besides those here used, it appears that we 
embrace all cases by the Rule above stated. 
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1. From 3a 
take a 


2.. From 7a 
take 6a 


3. 


From a 
take a 


Diff. = 2a 


m 

a 







4, From 3a 
take -a 


5. From 7a 
take --60 


6. 


From a 
takie-^a 


Diff. » 4a 


13a 




2a 
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7. 



From 
take 

Diff. = 



a 
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8. From - la 
take 6a 



9. From -a 
take a 



— 4a 



-\Sa 



-2a 



10. Prom -3a 
take - a 



11. From-7« 
take —Ga 



12. From— a 
take —a 



Diff. »- 2a 



— a 



IS. From a-)-& 
take a — 5 



14. 



From a — A 
take aA-h 



15. From y^ax 
take y'^ax 



Diff. = 26 



-26 



Sax 



16. From Sa*«46^'6<7 
take a - 26 + 9c 

Diff.-2a-26-Sc 



17. From 7fl- 26 + 4c? - 2 
take 6a — 66 + 4c — 1 

a+46-1 



18. From2a-6a6- ac-^r^ I9. FromSxy-**- ^ + a 
take 5a- 8a6 — 2ac—l take 2jry + «• + 2^ — 6 



Diff. =»-3a+2a6 + ac + 6 



20. From a* + 2a6-3c* 
take Qa^ — Sab-lc' 

Diff. --a' + 7a6 + 4c" 

22. From 80" + jp«- 56" - 5c» 
take a?* + 26*- 5o^ 

Diff =:8a«- 76' 



apy-2j:'-Sy*+a+6 

21. From 5a:*- ay+ y 
take — jp" + 4ary + 5y* 

6j:* — 5a?y — 2^ 

23. From dp' -3*'+ 6a? -10 
takea;^-4a;'+8x- 9 

OP* - 2x - 1 



24. From a + -6+l 

2 

take :ra + 6 + - 
2 2 



25. From-ar'--ay-f-y 
take--ap«--a3^-ly 



Diff. --a-- 6 + - 
2 2^ 



2 



a?'-ay + 2^ 



t-EdpercwM D^ 1 ... 18^ p. 20.] 
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20. Since a — h added to a-^h makes 2a, and a — h taken 
from a + 5 leaves 9,h^ where a and h represent any two 
quantities whatever^ we can already deduce this general 
statement^ viz. That the difference of any two quantities 
added to their sum is equal to twice the greater^ and the 
difference taken from the sum is equal to twice the smaller, 
quantity. Thus we are at once enabled to solve such ques* 
tions as the following : — 

Pros. 1. The sum of two numbers is 100, and their 
difference is 50, what are the numbers ? 

By our Rule^ twice the greater number = 100 + 50= 150, 

/. the greater No. « 75. 
And since the difference of the numbers is 50, 

.'. the lesser — 75 *- 50 = 25. 
•*. the numbers required are 75 and 25 : which, upon trial, 
will answer. 

Prob. 2. The united ages of a man and his wife make 
77 years, and one is 7 years older than the other ; what is 
the age of each ? 

Twice the age of the older =* 77 + 7 =s 84, by the rule, 
.*. the age of the older is 42 years; 
and .•. the age of the other =. 42 — 7 = ^5 years. 

Prob. 3. Divide the fraction - into two parts> so that 

one shall exceed the other by -r • 

^ 4 

Here the sum of the two parts «> — , 

2 

and the difference =7, 

lis 

/. twice the greater part * ^ + T = 7 > ^7 ^^^ ^^^^9 



\ 3 3 
.•. the greater part * s o^ 7 * « 



2 4 4 
3 3 

4*8 



Also, twice the smaller part = 3 — 7 =* 7 > ^7 ^^ Tvile, 

/. the smaller part =" 5 ^^ 7 "* 5 • 

3 1 

Hence the two parts required are ~ , and - • 



8' 8 

[^Exercises D, I9, 20.] 



2—2 
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EXERCISES. D, 

(1) From a take 5 — x. 

(2) From a + b — c — d take a—b + c — d. 
(S) From 6a — b-c take a - 6 + 2c. 

(4) From Sa + x-Sb- 5c take j: + 26 - 5<r. 

(5) From 3a: + 2y - 5z take 2ar + Sy + 45. 

(6) From 2flfx -^by — c take ax— by + c. 

(7) From Sbc — ab + a take 26c + aft — a. 

(8) From xy + x^ + y* take xy — x^+t^. 

(9) From 20*^ + 30^ +4^* take xy-Qa^-y*. 

(10) From 2w« + 57w — 3« take mn + m + n, 

(11) From —Qxy + mx—py take —Sxy — ^.mx—py, 

(12) From 5abe — ^ab - Sac take 2a6c + a6 — cc + I, 

(1 3) From a» - 6' + c' take o» - 26* - 2c^ 

(14) From 4aar - 3a' + 2ar* take 2<7x - a^ + 4a:'. 

(15) From Sa'6 + 2a*c - 5c» take a'b - a'c - 7c*. 

(16) From 2ay + 3fl-a*6 + 5 take 2a-a^b + 6. 

2 12 12 1 

(17) From g^^-J^^ + g t^^e S^*^"*" 3^^"^ 3 ' 

(18) From a + 6- c take -a- -6-- c. 



(19) The united ages of a father and his son make 60 
yeaTB, and the father was 30 years old when the son was 
born, what is the age of each ? 

(20) Divide 1 into two fractional parts^ so that one part 
shall exceed the other by i. 
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21. To multiply one single term by another. 

Rule. Write the letters (of the single terms to be 
multiplied together) side by side, as factors of the required 
product: and multiply the numerical coefficients toge^ 
ther for the new coefficient*, prefixing the sign + if the terms 
to he multiplied together have both one sign, and '^, t/they have 
different signs^ 

* The learner must bear in mind that in everjr case where a quantity 
appears without a numerical coefficient, t^e coefficient 1 is understood.— 
See Art. 7. 
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For^ 1st. If the quantities be both po^t/tve, as 2a, and 
Sb, their product^ by Art. 4, is equal lo 2ax36. Now 
2flx36 = 2xax3x&, and a x 3 — 3 x a, (Art. 5), .'. the pro- 
duct required = 2x3xaxi = Qahy since 2x3=6. 

2nd. If one of the quantities be negative, or the product 
is required of 2a times —Sb, or —2a times 36, in either case 
the meaning can only be, that Sb is to be subtracted 2a 
times, and it is clear that this will difier from 36 to be 
added 9,a times only in the sign of the product, .*. the pro- 
duct is — 6a6. 

3rd. If both quantities be negative, as —2a and —36, 
— 36 is to be subtracted 2a times, that is, - 6a6 is to be sub- 
tracted; but subtracting —6ab is the same as adding + 6a6, 
(Art. 19), .*. the product is +6a6. 

Hence it appears, that 

+ 36 multiplied by + 2a produces + 6a6, 

-S6 +2a -6a6, 

+ 36 -2a -6a6, 

-S6 -2a +6a6. 

And since the same reasoning will apply to any other 
quantities besides those here used, we embrace all cases in 
the Riile above stated. 

Exs. 2j?x5y= lOa:^; — 3x5a = — 15a; 7m x — n = - 7»»«- 

2a6 X 3ac = 6aabc, or 6a*bc ; — 7^J^J^ x 4a6c « — 28a'6cj?y ; 

2a X 36 X 4c = 6a6 x 4c = 6 x 4 x a6c = 24iabc, 

[^Exercises E, 1...6, p. 24.] 

22. To jnultiply a quantity consisting of two or more 
terms by a single term. 

Rule. Multiply each term of the multiplicand separately 
according lo the rule stated in Art, 21, and the sum of these 
separate products is the product required. 

Thus, let it be required to multiply a + 6 + c + &c., by m ; 
then a taken m times is ma, 6 taken m times is m6, c taken 
m times is mc, &c., and the sum of these separate pro- 
ducts is 

ma +m6 + wic + &c., which is the product required. 

For it is evident, that the parts which make up the 
whole being separately taken m times, and added together, 
must produce the same as the whole quantity taken m times. 
Hence the Rule in this case is as above stated. 
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Ex, 1. a + 6 - c multiplied by 2 = 2fl + 26 - 2c. 

Ex.2, a-'b + c - 2 = -2fl + 26-2c. 

Ex.3, a — b + c d—ad — bd-^-cd. 

Ex.4, a — 5 + c ^ d^ — ad + bd — cd, 

Ex.5, ax-^by c '^ acx ■¥ bey. 

Ex, 6. ax-hhy-cs Qp^Qapx + ^bpy — ^pz, 

Ex.7, 2a+36— 4c 2a? = 4flra: + 66j? — 8cj^ 

Ex.8, ax-hby ax=a*a^ -^abxy, 

Ex. 9. ax+ by -by =-abxy-b*yK 

Ex. 10. 7^-4^+6 Sjf = 21j?'-12xy + 18x. 

Ex.11. fijr'-lSjr+l 5 = S0x»-65ar+5. 

Ex. 12. a:" — pjr + g px =i pj^ — pV -^ pqx. 

Ex. 13. 4a5 + fc(f 4iab = Qa'b'+6abcd, 

Ex.14. mx+S-y — 1«=5 — ^miij:— f»4-|ii^. 

[|jBjerci*etf E, 7*.-l6, p. 25.] 

23. To multiply one quantity by another^ when both con^ 
sisl of two or more terms. 

Rule. Multiply each term of the multiplicand by each 
term of the multiplier, according to the rule for single terms, 
and the sum o/* these separate products wul be the product 
required. 

For, let it be required to multiply a + b by c + d; this 
means that a-^b is to be taken c + d times, that is, c times 
and d times. Now a + b taken c times produces, by rule of 
Art. 22, ac+bc; and a + b taken d times produces^ by the 
same rule^ ad + bd; ,\ a + b taken c times and d times, 
that is, c + <f times^ produces ac + bc + ad+ bd^ which is the 
product required. 

Or, if the quantities be a + b^ and c-rf, a + b multiplied 
by c — ef means that a + 6 is to be taken d times less than c 
times. Now a + b taken c times produces ac + bc; but this 
is too much by d times a + b, that is, by ad+bd; .*. ad + bd 
is to be subtracted from ac + be. Hence the product re* 
quired is ac + bc -ad'- bdy following the rule of subtraction 
in Art. I9. 

Or, if the quantities be a — 6, and c — rf, the product of 
these is, as in the last case, c times a — b wanting (/times 
a — 6, that is, ad — bd subtracted from ac — be, which leaves 
ac — bc''ad + bd, ^changing the signs in the quantity to be 
subtracted, accordmg to rule). 
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Hence it appears, that 

a + 6 multiplied hj c+d produces ac-^-bc + ad-^^bd, 

a + b ♦ c — rf ac-^bc — ad^bdy 

a— b •• •.... c -^ d * • • • oc ^bc^ ad + bd ^ 

therefore the Rule in this case is as above stated. 

When either multiplicand^ or multiplier, or both, con* 
sist of more than two terms, the rule is not altered, as may 
easily be seen. 

EXAMPLES^ 



1. Mult, jr+1 

by a? + 2 

Prod*, by x^a^ + x 
... by +2= +2a?+2 

Whole prod*.= j:' + 3* + 2 

3. Mult. 2 4- a 
by 3-^ 



2. Mult 21, or 20+1 
by 19, or 20-1 



189 400 + 20 
21 -20-1 



Prod*. =399> or 400-1 



Prod*, by S^6-¥3a 
... by — J= -2ft-o5 



4» Mult, a-k-b 
by a + ft 

Prod*, by a^^a'-^ab 
... by + ^- +aJ + 5* 



Whole prod'. =6 + 3a-2J-a^ Whole prod*. - a* + 2ab + ft' 



5. Mult a — b 
by a-b 



6. Mult x—9.y 
by 2a? + Sy 

Prod*, by a^cf-ah Prod', by 2jr=»2ar*- 4jry 

... by-ft= -aft + ft* ... by + 8y" +8x^ 



-6/ 



Whole prod^ = a* - 2aA + V Whole prod*. = 2*'* -xy - 6y* 

7. Mult 2a + 36 -4c 
by a-^b — c 



Prod*, by a = 2a' + Soft - 4ac 
... by + 6 =« +2a6 + Sft* - 4ftc 
... by — c =» — 2ac — Sbc + 4c* 



Whole prod*. = 2a" -¥5ab-6ac-{- 3b* - 7bc + 4c* 
{^Exercises E, 17. . .81, p. 25.] 
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24. To muUiplif powers of the same quantity together. 

Rule!. Powers of thi same quantity are multiplied toge^ 
ther by adding the indices of the powers together. 

Thus o"xfl^»a*; for (f-aa (Art. 9), and a*=aaa^ 



a^xa^^aax aaa = aaaaa^ or a*. 



In the same manner it may be shewn that fl* x a^^ = a** ; 
and so on for other powers, always taking the sum of the 
indices. To prove this generally, viz. that 

a"* X a* *= a*^", whatever numbers m and n may stand for, 
we have, by Definition (Art 9)> 

a"^ 'ma, a, a. &c» to mfactorSy 

and cC^a ,a.a , &c. to n factors, 

.'. a'^x a*^a.a,a. &c. to m factors xa.a. &c. to n factors, 

^a ,a .a, &c. to m + nfactors^ 

t& a**^", by Definition. 

The reasoning and the rule are the same, if for a we 
write fl + 6, or a-^-h-^-Cy or any other quantity ; that is, 
the powers of such quantities are multiplied together by 
adding the indices of the powers together. Thus the 2nd 
power of « + 6 multiplied by the 3rd power of the same 
quantity will produce the 5th power of that quantity. 

Ex.1. 2ar*x3a:* = 2xSxa:'j?' = 6a:*. 
Ex. 2. 'J ax X ^axy = 7 x 2 x aaxxy = 1 ^a*x^y, 
Ex. 3. ^c^h X ahc = 5a^abbc = Ba'^b^c, 
Ex. 4. 3a?»j^"2» X i^x'fz = 3 x 4 x a^a^yyz'z - 1 2«y 2*. 
Ex. 5. mnx^y x^py = — mnpo^yy ss^mnpo^y^. 
Ex. 6. — Aiab^cx x — Zacsx^y = Saab^ccxx'y =s Sa'b'c^a^y. 
Ex. 7. 2a- X 3a« =. 2 X 3 X a^a^ = 6a"^. 
Ex. 8. flJ?"* X ^a;" = abaTjf* = afco;"*^". 
Ex. 9. aa?"* X 6a?" x cx^ « abcara^m^ = a6ca?-+"+'. 
Ex. 10. 2aa?x-3%x-flV^=:2x-3x-lxa*6a?y=6a*6^y. 

[jBjfercwe* E, 32. . .40.] 

EXERCISES. E. 
Multiply 



(1) axy by 5. 

(2) 3m» by -p. 

(3) - 2dy by 4a. 



(4) - 2xy by - 4a. 

(5) ^a6 by 2c. 

(6) 3mn by mp. 
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(7 

(8 

(9 

(10 

(11 

(17 
(18 

(19 

(20 

(21 
(22 



Multiply 

m + n^p by 3. 
ax + ba^ by p. 
ad + Qbd by 2rt. 
4a' — 2a.ry by ax. 
3x — 2a:y + 6 by — xy. 



(12) 1 - 2flra? + Sba^. by - Sn. 

(13) 2abSac+5bd by -2j:. 

(14) 2xy-3 by 7x. 

(15) 2aar+5y— C2 by 2xt/2. 

(16) 2a' - 6a? + rf by %. 



a + d? by 6+^. 
6d? + 4 by x—1, 
X — 4 by 0? + 3. 
2a?- 5 by 3x-2. 
1 —a? by 0?+ 1. 
1—0? by 0? — 2ar*. 



(23) ax + by by 9.x -y. 

(24) a + 2a: by a -3a?. 

(25) 7^-1 by 5a? -4. 

(26) 2aa:-36^ by 4^-3x. 

(27) 1 - 2m» by 2m + n. 

(28) a' - i^c by ac - b\ 



(29) 1 + 2a: + 3^ by a? - ^. 

(30) a + x—y by 6-^. 

(31) ac — bc-^ad by 2a -6. 



(32) 


a' + a*+a + l by a-1. 


(33) 


a? + aa^ + <^x + (^ by «-«. 


(34) 


4«'-6« + 9 by 2* + 3. 


(35) 


4 + 2* + *' by 4-2*+*'. 


(36) 


«*-2x' by a*-**. 


(37) 


a:* + Sar* + 9x + 27 by x-8. 


(38) 


2aV+36*^ by 2aV-^36y 


(39) 


2a* - Sah + 6' by 2a' + 3a6 - 6*. 


(40) 


a' + a'-a-l by l-a + a'-a* + a*. 




DIVISION. 



The words Dividend, Divisor^ and Quotient^ have the 
same meaning here as in Common Arithmetic. 

To divide one quantity by another is to find how often 
the latter is contained in the former, that is^ the Quotient : 
and it follows from the nature of Division that the Quotient 
is always that quantity which being multiplied by tiie JDz- 
visor will produce the Dividend. 
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25. To divide one single term hy another. 

RuLB. Split the dividend into two factors, making the 
divisor one of them, and the other factor is the quotient. 

For, since Quotient x Divisor = Dividend, it is clear that, 
if we can form the Dividend into two factors, one of whictl 
is the same as the Divisor, the other factor is the Quotient. 
ThuSj if it be required to divide Sx by x^ since the co^f actor 
of X in Sx is S, 3 is the quotient. Or if it be required to 
divide 3x by 3, x is the co-f actor of 3 in 34? ; therefore x 
is the quotient in this case. 

Hence^ when one single term contains another exactly^ 
to divide one by the other the Rule is as above stated. 

Ex. 1. To divide 6abc by 2ab. 

Here 6abc '^^ 2ab x 3c, therefore, by the rule, 3c is the 
Quotient. 

Ex. 2. To divide lOxy by 2y. 

Here lOx^ ^2yx 5x, therefore 5x is the Quotient. 

Ex. 3. To divide — Jaxy by 7ox. 

Here — 7axy = 7ax x — y, therefore — ^ is the Quotient. 

Ex. 4. To divide 6mnpr by -mpr. 

Here 6mnpr = — wipr x - 6ii, therefwre — 6>i is the Quo- 
tient. 

Ex. 5. To divide - 14a'6c by - 2fl6. 

Here — 14a*6c = — 2a6 x Yflto, therefore 7«c is the Quo^ 
tient. 

Ex. 6. To divide - 8a'6 V by 4>abc. 

Here - 8a*6 V = itabc x - 2a6V, therefore - 2a6 V is the 

Ex. 7. To divide Sa'b'^c^ by fl*6c*. 

Here 5a*6V = a^bc* x ba^b^ff, therefore 5a'6V is the Q«o- 

Ex. 8. To divide 2\mn*p by %mnp. 
Here 21mit^j9<=-|miipx I4n% therefore 14n' is the QuO" 
tient. 

Observe, any example may be stated differently^ and 
perhaps with more clearness, in the following manner. 
Take Ex. 1 above. 
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How many times does 6(Ufc contain ^ab ? 

Here Gabc^Scx^ab, that is, Sc times Zab^ (Art 4), there- 
fore Sc is the number of times required^ or the Quotient. 

{Exercises F, 1...12, p. SO.] 

26. To divide a quantity consisting of two or more terms 
by a single term. 

Rule. Divide each term of the dividend separately by 
the divisor according to the rule in the preceding Article, and 
the sum of the several quotients is the quotient required. 

For, since a + 6 + c + &c. multiplied by m produces 

ma + mb-^mc^ &c. (Art 22), 

.*. ma + m& + fitc 4- &c., divided by m, gives a-^-b-k-c-k- &c, 

that is, marrm + mb-i-m+mc-T-mi' && Hence the Rule 
in this case is as above stated. 

Ex. 1. To divide ab + 2flc- Sad by a. 

Here ab'^a = by + Qac-i-a = + 2c, — Sad -- a = - SJ, there- 
fore the "whole quantity divided by a is b-^2c — Sd, or 
b+2c — Sd is the Quotient required. 

Ex. 2. To divide mx + wj:* — pxy by x. 

Here mx-^x~m, +n/^x^ + nx. -pxy^T=.py, 
therefore the whole quantity divided by x is m + nx^py, 

or m + nx—py is the Quotient required. 

Ex. S. To divide 4aV - Ga'bx + 2ax' by ^ax. 

Here 4aV-4-2aa?=2ac, —6a'bx-i-2ax='—3ab^ +2dw;'-T-2aa?=4-4f*, 

.% 2ax — Sab + a:" is the Quotient required. 

[^Exercises 13... 18, p. 30.] 

27. To divide one quantity by another when the Divisor 
consists of two or more terms. 

Rule. Ist Arrange the terms of both divisor and divi- 
dend according to the powers of some one letter, (if this be 
not already done) that is, beginning with the highest power 
and going regularly down to the lowest, or vice versd, (it 
matters not which, only it must be the same in both divisor 
and dividend). 

2nd. Find how often the first term of the divisor is 
contained in the first term of the dividend, by the rule for 
single terms, (Art. 25), and put this quotient for a part of 
the quotient required. 
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3rd. Multiply the whole divisor by this quotient^ and 
place the product immediately under^ and subtract it from^ 
the dividend. 

4th. Taking the remainder thus found as a new divi^ 
dendy repeat the operation^ again and again, until either 
remains^ or «ome quantity less than the divisor. The sum 
of the several quotients thus found will be the quotient 
required. 

In every respect this rule is the same as that for Long 
Division in Arithmetic, and grounded upon the same reasons. 
Thus to divide three hundred and eighty four by thirty- 
two, we first arrange divisor and dividend according to 
powers of 10, beginning with the highest — the divisor being 
written 32, which means 3x10 + 2, and the dividend 384, 
which means 3x10' + 8x10 + 4. Then we see how often 
the first term of the divisor, 3x10, or SO, is contained in 
the first term of the dividend, 3x10', or 300, which is 10 
times; we therefore put 10 as a part of the quotient. Then 
10 times 32, or 320, subtracted from 384, leaves for first 
remainder 64. Using 64 for a new dividend, 32 is contained 
in it 2 times exactly, leaving no remainder. Hence the 
whole quotient is 10 + 2, or 12. 

Ex.1. To divide ac + be + ad + Id by a -^b. 

Here the divisor and dividend, arranged according to 
powers of a, are a + ft, and ac+ad+bc + bd. The suc- 
ceeding operation, according to the rule, is represented as 
follows : 

a-^b) ac-k-ad-^bc-k-hd^c-^-d 

ac + bc 

■^ad + bd 
-i-ad-i-bd 







.•. c + dis the Quotient required. 

In this Example we first seek how often a is contained 
in ac which is c times, and we put c as a part of the quo- 
iient to the right hand : then multiply the divisor, a + 5, by 
c, which produces ac + bc; then subtract this product from 
the dividend, which leaves the remainder -i-ad+bcL We 
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proceed with this remainder as a new dividend, and repeat 
the same op^ration^ by which we obtain + d for another part 
of the quotient^ *with no remainder. Hence c + d is the 
fvkole Quotient. 

Ex. 2. Divide a^+h'- 2ab by a-b. 

Here the divisor and dividend, arranged according to 
powers of a, are a — 6 and a*— 2ab + b\ Then we proceed 
thus: 

a — b) a^ — 2ab + b' {^a — b^ the Quotient. 

a^ — ab 



--ab + b^ 
-ab + b^ 







1st we seek how often a is contained in a', which gives 
a, the Ist term of the quotient; a — b multiplied by a gives 
a*—ab; this subtracted from a*--9.ab + 6* leaves — a6 + h*. 
Then we repeat the same process with —ab-^b* for a 
dividend ; we seek how often a is contained in — ab, which 
gives — b, the second term of the quotient : a — b multiplied 
hy — J gives — a6 + 6*, which subtracted from the new 
dividend^ leaves 0. Hence a -J is the whole Quotient 
required. 

Ex. S, Divide 2a' + 36' + 4c' + Sab - 6ac - 7bc by 
a + b — c. 

Here arranging according to powers of a, 

a-¥b-c) 2a*-^ 5ab - 6ac + 3b^ - T^c + 4c* (^ 2a + 36 - 4c 

2a" + 2a6-2ac 



+ Sab - 
+ Sa6 


r 4ac + 36* • 
+ 36» 


- 76c + 4c' 
-Sbc 


- 


- 4flc — 46c 

- 4ac — 46c 


+ 4c" 
+ 4c^ 






.'. 2a + 36 -.4f is the Quotient required. 
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Ex.4, Dividcfti-o'byg-rt. 



64 - S2a 
32a 



or 
i6a' 






a' 
8a* 



Sa"" 
8a* 



a' 
4fl* 



4a*- a« 
4a' - 2a' 



2a* 
2a* 



-a' 
-a^ 







•% 32 + l6a + 8a* + 4a» + 2a* + a* is the Quotient required. 

£Ejeercises F, I9...SI.]] 



Divide 

(1) 70! by 7. 
7x by «• 
7aa? by cu 
7 ax by 7^?- 
Sahx by a5. 
3a5c by She. 
— ajry by jr. 
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(2) 

(S) 
(4) 

(5) 
(6) 
(7) 
(8) 
(9) 



10 
11 
12 

13 
14 
15 
16 

17 
18 



axy by — «. 
6a^mn by - 2miia. 

(19) «■ + 34? + 2 by X + 2. 

(20) ac — hc-had-hd by a-5. 

(21) 6 + 3a - 2ft - ai by 2 + a. 

(22) 4a* - 1 5a^ - 4a Jf by 2a + 3x. 



14a'iy* by 7«*y- 
— 7mn'px by ^m»jp. 
-faft^'j^by-^oj?^. 

3ac — 2abd by a. 

4ac — 2abd by 2a. 

8a:" — Gxy by — 2«. 

Sbc + 24aftc* - 6ftV by She. 

4a V — 8a6d?— 2aar by — 2a«. 

c^a^ ^ 5ahix^ ■¥ 6ax* by aa^. 



QREATESr COMMON MEASURE. 31. 

Divide 

(2S) 2fl» + a-6b7 2fl-S, 

(24) 2ab + 6abc - Sabcd by 1 + Sc - 4c(/, 

(25) 3ar'+ l6a? - 35 by a: + ?• 

(26) Sar*+14df»+9J? + 2bya?' + 5jf + l. 

(27) fl6 + 2o'-S5"-4&c-flc-c* by 2a + 354-c. 

(28) 1 5a* + lOa'o: + 4aV + 6fla?'- 3a:* by Sa^-a^-h 2ax. 

(29) 9P' + 3p V - 2;?9» - 2g' by p - <jr. 

(SO) aV+a*-2a6ar'+5V+fl'6*-2a*6 by flar-Jj?+a"-a6, 
(31) 32x* + 243 by 2x + 3. 



GEEATEST COMMON MEASUKE. 

28. Def. That which will divide a quantity without 
a remainder is called a ^^ measure" of that quantity. Con- 
sequently that which will divide each of ttvo or more quan- 
tities is called the '^ Common Measure" of those quantities, 
being a measure common to them all; and the Greatest 
Common Divisor is therefore the " Greatest Common Mea-^ 
surnT. In fact, measure is only another word for divisor, 
restricting the latter word to such quantities only as wiU 
divide without remainder^ 

Thus 5 is a measure of 15, because it will divide 15 
without remainder ; it is also a measure of 25 for the same 
reason: therefore 5 is a common measure of 15 and 25. 
Similarly 2 is a common measure of 8 and 12; so also is 4: 
and 4 is greater than 2. Therefore^ as there is no other 
common measure of 8 and 12^ except 2 and 4^ their Greatest 
Common Measure is 4. 

Again, since 2a is divisible by a without remainder, and 
so also is Sa, a is a common measure of 2a and 3a ; and as 
there is no other common measure, it is therefore the Great* 
est Common Measure of 2a and 3a. 

It is evident, then, that a measure of any quantity must 
be a /actor of that quantity ; so that if we can split up a 
quantity into all the simple factors by which it is made up, 
we can then see before ns all the measures of that quantity, 
and by doing the same with another quantity, we can at 
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once say which measures are common to both. Either the 
greatest factor, or greatest product of two or more Jactors^ 
common to both, will be the " Greatest Common Measure" of 
the two quantities. 

29. To split up any number into its component factors, 
we try all the numbers 2, 3, 4, 5, 6, &c. in order as divisors, 
to see if they are measures, and repeat each of them, which 
we find to measure^ as long as it remains a measure of the 
quotient so obtained : thus taking the number 189, we write 
our operation as follows : (2 will not divide it, but 3 will, 
so we begin with 3,) 

189 





3 


63 






3 


21 




■ 


7 


7 


.-. 189 = 3x3x3x7. 




1 




Now take 224, 


2 


224 






2 


112 






2 


56 






2 


28 






2 


14 






7 


7 
1 


.•. 224 = 2x2x2x2x2x7 



In the first case, 189 not being divisible by 2, we begait 
with 3, and repeated it until we could no longer divide 
without remainder; then we passed over 4, 5, 6, because 
none of them would divide without remainder. 

In the second case, 224 was divisible by 2 five times 
[Successively, but then only by 7. 

Hence, the measures of 189 are S, 3, 3, and 7* 

224 .... 2, 2, 2, 2, 2, and 7; of 

which 7 only is common to both ; therefore 7 is a common 
measure, and also the greuiest common measure of 189 ^'^^ 

224. 
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Ex. To find the g.c.m.* of 385 and 396. 



5 


385 


7 


77 


11 


11 



••• 385=5x7x11. 



2 


396 


2 


198 


3 


99 


3 


33 


11 


11 



396-2x2x3x3x11. 



And since 11 is the only factor common to both, there- 
fore 11 is the o.c.M. of 385 and 396, 

For the usual ^vael^od of finding the o.g.m. of two or 
more numbers, see any treatise on ArithmeiiCy or Wood's 
Algebra, Art. I9, 

30. To split up an Algebraical quantity into its com« 
ponent simple factors^ can only be learnt by practice : but 
for quantities of a single term the method is obvious enough. 
Thus Qa'bc^ =^ 2'>iaabcCf 4fa^b^c = 2y.2xaaabbc; and so on: 
in which form rve see all the factors of the proposed quan- 
tities. Then, supposing the o.cm. o£^a^b<^, and 4a'6V,to be 
required, we see that it is the product of the common fac- 
tors, 2,fl,a,i,c, or 2a*6c. 

Again, to find the o.c. m. of 3a*x^y, and 6i^bx ; here 

3a*a^y » 3 y^aaaaaxxxxy, 

6a*bx = 2 x 3 X aabxy 

in which the factors common to both are 3, a, a, x, and no 
other factor; 

.•• G. c. M. = 3y.<mx = 3a^x. 

After much practice the Student will abridge the ope- 
ration in most cases, and it will become more and more 
a matter of eye-sight. 

To find the o.c.M. of quantities consisting of two or 
more terms is not needed for the present work, and had 
better be deferred until the Student is able to take up the 
larger work of Dr. Woodt with effect 

* By O.CM. is meant ' greatest common measure* henceforward. 
+ Wood's Algebra, new Edition, by Lund. 
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EXERCISES. G. 



Find the o.c.m. of 
(1) 128, and 84. 
125, and 900. 
80, 100, and 140. 
aXf and hx, 
hj^y and 6V. 
apx*, and a^px, 
ba^bx, and 9.Qahxy. 



(2) 

(3) 
(4) 

(5) 

(6) 

(7) 



(8) 15a'6', and Sa»6^ 

(9) 9a*AV, and 27a'6V. 

(10) 14>m*np*, and 7wi»p. 

(11) a^xy, and 9.acxy, 

(12) -a*, and -aft. 
5 5 

(13) ahdy acd, and ftcitf. 

(14) pxy, a^i/^, and apj?. 



LEAST COMMON MULTIPLE, 



31. Dbp. a multiple of a quantity is that which con- 
tains the quantity some number of times exactly, that is; 
which is divisible by it without remainder. Consequently 
that which each of two or more quantities will divide with- 
out remainder is a common multiple of those quantities ; and 
the least quantity which will do this is the '* Least Common 
Multiple". 

Thus 15 is a multiple of 5, because it contains 5 three 
times exactly : 15 is also a multiple of 3, because it contains 
3 five times exactly; therefore 15 is a Common Multiple of 
5 and 3, Similarly 30 is a Common Multiple of the same 
numbers 5 and 3; so also is 45. But 15 is the least of 
such numbers, therefore it is the "Least Common Multiple" 
(l.c.m.) of 5 and 3. 

Again, 2aft is a multiple of a, because it contains a exactly 
2ft times ; it is also a multiple of ft, because it contains 6 
exactly 2a times ; therefore 2ah is a common multiple of a 
and ft, but it is not the Least Common Multiple, since oft, 
which is also a common multiple of a and ft, is iess than 2aft. 

It is plain, then, that a multiple of any quantity must 
have that quantity for one of its factors; and a common 
multiple of two or more quantities must have each of the 
quantities as a factor, so that the product of any number of 
quantities is always a common multiple of them all, but not 
Always the Least Common Multiple, Thus of 2, 4, 6, the 
product of 2x4x6, or 48, is a common multiple^ but the 
Least Common Multiple ia 12« 
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32. Hence to find the l^cM. of two or more quantities, 
split each quantity up into its siiaple Jactors, and construct a 
quantity which shall contain every different factor found in 
all the proposed quantities, but no factor repeated which is 
not similarly repeated in ^(ome one of them. It is obviouis 
then that this new quantity so constructed is a multiple of 
each of the proposed quantities, and also the least quantity 
which contains all of them^ that is, the Least Common Mul- 
tiple of them alL 

Ex. 1. Thus, if the l.c.m. of 3, 10, and 6 be required. 

1st. 3=3x1, 10 = 2x5, 6 = 2x3, 

therefore the different factors are 5, 1, 2, 5, and no factor is 
repeated, that is, occurs more than once, in any one of the 
proposed numbers, 

•*• the L.C. m. required = 3x1 x2x5 ■■ 30. 

£x« 2« To find the l.c.m. of 8, 16, 10, and 20. 

Here 8=^2x2x2, 16=2x2x2x2, 10=^2x5, 20=2x2x5, 
the different factors are 2, and 5, and 2 is repeated 4 times 
in one of the proposed numbers; 

/. the L.C.M. =2x2x2x2x5 = SO. 

£x« 3. To find the l.o.m. of 2a, 6aft, and Sab. 

Here2a»2xa, 6a^ = 2x3xa&, 8a6a2x2x2xa5, 

the different factors are 2, 3, a, and 6, and 2 is repeated 
3 times in one of the quantities, 

.*. the L.CM. = 2x2x2x3xa6 = 24a6. 

Ex. 4. To find the l. c. m. of 8a*, I2a*, and 20a*. 

Heref 8fl*=2x2x2aa, l2a*=2x2xSaarf, 20a^=2x2x5aaaa, 
the different factors are 2, 3, 5, and a; 218 repeated 3 times, 
and a four times; 

.*. L.c. M. ■i2x2x2xSx5aaafl = 120a^ 

The method of finding the l.cm. of quantities consisting 
of two or mare terms is usually given in treatises on Algebra, 
but it is not suited to the scheme of this work, and is 
therefore omitted. What we have here introduced is simply 
with a view to enable the student rightly to understand the 
next chapter on Fractions. 

3—2 
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PRAOnONS. 






EXERCISES. H. 


Find the l.c.m. of 






0) 


21, and 24. 


(7) 


axy and ^i;. 


(2) 


12> 16, and 20. 


(8) 


axy and 2ary. 


(8) 


4, 7, 8, and 14. 


(9) 


2dr^ 6x^ and 8jr. 


(4) 


4, 7, 14, 21, and 24. 


(10) 


a^^ ac^ and be. 


(5) 


1, 2, S, 4, 5, 6, 7, 8, 9. 


(") 


a^y x^y and 2ary. 


(6) 


21, 22, 28, and 24. 


(12) 


hd^ c*rf, erf*, and 6c. 



FRACTIONS. 

Algebraic Fractions are precisely the same in character 

and signification as Fractions in Arithmetic, Thus r signifies 

that the unit or whole is divided into b equal parts, and a of 
them aile taken, a being the Numerator and b the Denomina- 
tor, where a and b are any quantities, that is, general num- 
bers. 

a 
33. To shew that r- is equal to the h^ part of a. 

The meaning of T> according to the definition of a ^frac- 
tion', is that the unit is divided into b equal parts, and a of 
them are taken to make the quantity represented by 7. 
Now when the unit is thus divided, it is clear that each 
part is the 6^^ part of the unit ; and 7- is a such parts, 

that is, a times the b*^ part of 1 ; but the b*^ part of 1, re- 
peated a times, is clearly the same as the b*^ part of 1 + 1 + 1 
+ &c. to a terms (Art. 26), and 1 + 1 + &c. to a terms is a, 

therefore T is equal to the 6^^ part of a. 



34. If the numerator and denominator of a fraction be 
both multiplied by the same quantity y the value of the fraction 
is not altered. 



b 2b 3b 



&;c. =» -J . For -r signifies that the 
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unit is divided into 26 equal parts^ and 2a of them are 
taken. Now when the unit is divided into 2b equal parts, 
it is t:Iear that each part is only half as great as when 
the unit was divided into b equal parts ; and therefore a 
of the latter parts are together equal to 2a of the former^ 
that is 

fl _ 2flf 

By similar reasoning it will appear, that t ~ oT =* "t> where 

n stands for any number whatever, each part in -r being -th 

of each part in r > hut n times as many being taken of the 
former parts as of the latter, which preserves the equality. 

35. Hence also, since --7 * t > if ^^ numerator and 

' nb b '^ 

denominator of a fraction be loth divided by the same quantity, 

the VALUE of the fraction is not altered. 



„^ _ a ay,c ac 
o oxc be 

v^ a a_axdf_adf 
^^'^' b'"b^f'"bdf' 



Ex. 3. 



Ex.4. 



Ex.5. 



Ex. 6. 



a — a? _ 2a — 2ar 
0? ~ 2Jr 



a — jr a --ax 



X ax 

1 +J7 y-^xy* 

Sa-b _ Sab - 6* 
2a^^r36""2fl6-3i'* 



Ex.7. S&a^ 



36a 252a 



Ex.8. 



Ex.9. 



Ex. 10. 



Ex.11. 



Ex; 12. 



1 7 
ax — dj* a—'X 
2ax 2a ' 

2ax — 2a?* __ a — * 
2ax "" a 

a' + ab a + b 
a^ — ab" a — b' 

2a*b-3ab* 2a--3b 
7abc " Ic 

a«-2flx* 1-23? 
3ax *" 3 



By the last rule fractions are ^^ reduced to lower terms", 
when they admit of it; for by dividing numerator and 
denominator by some quantity -which will divide them 
both without remainder the fractions are simplified, as 
may be seen in the last five Examples, without altering 
their value. 
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ADDITION AND SUBTRACTION OF FRACTIONS. 



EXERCISES. I. 
Reduce the following fractions to lowest terms > 



(I) 

(2) 

(3) 
(4) 

(5) 
(6) 



3x ' 

2ac ' 

ZOabx 
15a» • 

Saba^ 
Sax 

J5ay 

ah^x 
Qab'x* • 



(7) 

(8) 

(9) 
(10) 

(11) 
(12) 



mx — nx 
mtUB 

5x 
14a" + 21a" 

7a*i" • 
46c + gg 

2ac 

$ax •*• 2ar 
^ax - Sx" * 

»i7i;p — m*p + wp" 
»i"p -^ «inp + «ip" ' 



■ ■ ■■ !■ » 



ADDITION AND SUBTRACTION OF 

FRACTIONS. 

36. To add two or more fractions together. 

Rule Ist If the fractions have the same denominaitor, 
add the numercUors together for a new numerator, and retain 
the common denominator. 

rj.^ a a-k-c . ^ 12S^. ,« 

Thus T -^ T^ —r—f just as -r + T = T* Fo^" m each of 
Ob 4 4 4 

the algebraic fractions the unit is divided into h equal parts, 

h being the denmninator of each ; and it is clear that a of 

a c 

these parts, or t- , added to c of the same parts, pr j- , gives 

a -he such parts, or —r— • 

Similarly, X •*• T + T '^ — I i ^^^ ^ *^> whatever be 

the number of fractions. 

Bulk 2nd. If the fractions have not the same denomi^ 
nator, th^ must be replaced by others which have^ without 
altering their value, by Art. 34, or 85* 
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o c 
Thus^ to add together 7 and ^ , which will represent ani/ 

two fractions with different denominators: Since, by Art 34, 
a ad J, c be a c ad be ad + be , . 

1st case. 

Or, if there be three fractions, r » j j ^t then since j- 

. , e bdxe bde a c e ^ adf bcf bde 

Art. 5) andj.-^^-:^, A J + 5 +J- ^^ + ^+3^ 

«— ^^^ — tj? ; «**d so on, whatever be the number of 

oaf 

the fractions. 

Hence the rule in this case is, as in Arithmetic, Multiply 

the numerator of each fraction by the product of all the deno' 

minators except its own; make the sum of these products the 

new numerator; and multiply all the aenominators together 

for a new denominator, 

Ex. 1. Add together -, - and ~. 

XX X 

Here the denominators being the same, the sum required 

a + ft + c 



Ex. 2. Add together -, and -- . 

X XX 

Here the denominators are different, but - ■= — , 

- 2a b 2a + b 

.•.the»um,-+- = -g^. 

1 X 

Ex. 3. Add together - , and' — . 

.•la . a X a + x 

Here - = 7;- , .*. the sum =—- + —- == — — . 
2 2a 2a 2a 2a 

XX X 

Ex. 4. Add together - , - and - • 

-, X Sx^xx 12x X 2x4xj; Sx 
^^^ 2 ^3x4x2 ""24 * 3*2x4x3*24' 
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X 2xSxx 6« . 12j: 8x 6x Q6x , 

T ■* ;r~;; — i = ttt > •*• t"© sum = —-7- + ^rr + xr *= • 

4 2x3x4 24 24 24 24 24 

Ex, 5. Add together - , s~ * *^^ "S" • 

„ 1 ^Ix2arx3jf 6x* 1 _ IxjrxSjr 3j?* 

X " xx^xxSx 6** ' 20?*" 2arxa?x3jr '^ Cjc* ' 
1 1 xa:x2x 2a?" 
3i ** xx^xxSx 6jc* * 

, 6j?* 3x* 2a^ lla?« 

.•.the8um=-g^ + g^ + g^«-g-^, 

or ^ in lower terms^ Art. 35. 

This Ex. is treated according to rale ; but it is not tlie 
method to be adopted in practice. It is sufficiently obvious 
at sight, that we can easily make the denominators of the 
proposed fractions all alike, without altering the value of 
each fraction^ by adopting 6x for the new denominator ; for 

1 6xl_6^ 1 _ 3x1 ^ 3 1 _ 2x1 2_ 
5 " 6xa; "" 6a? ' 2ar "" Sx2j: *" 6a? * 3x " 2x3x "^ 6x* 

.-, the sum = — ^ = ^- , as before. 

oo? oo? 

N.B. Since the ^^ Least Common Multiple" of die deno- 
minators contains each of them a certajn number of times, mul- 
tiplying the numerator and denominator of each fraction by 
that number^ we shall have the fractions with the l.c.m. for 
a common denominator, and in their lowest terms. 

— XX X 

Ex. 1. Add together ^ > « > ^^ 1 • 

Here the l.cm. of the denominators is 12, in which 2 is 
contained 6 times, 3 four times, and 4 three times, therefore 
multiplying numerator and denominator of each fraction 
by 6, 4, and 3 respectively, 

X __6x X 4a? X ^3x 
2~12* 3"'l2' 4""12' 

-, 6x 4ar Sx 6x + 4a? + 3a; 13af 

.•. the sum ■« 77; + ttt + t^t "■ 77; « • 

12 12 12 12 12 
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Ex. ?. Add together -^- » -r- > and oTv • 

Here the l.c.m. of the denominators is 30, 

7«_35a? 3x ISx 
'6""""30' T'"30' 

SSx-hlSx-i-x 54fX gx 



.*. the sum required = 



30 30 5 

XX m X 



Ex. 3. Add together -- , ^-7 , and -r-j- . 

* 2a' 6ab* Sab 

Here the l.c.m. of the denominators is 24a&, (Art. 32, 
Ex. 3) and 24a6 is 126 times 2a, 4 times 6a&> 3 times Sab ; 

X l^bx X ' 4x X 3x 



• . 



2a 24a&' 6ab 24a6' 8a& 24a&' 
- l^bx + 4'X + Sx i2bx + 7x 

QjBorercwe* J, 1...18, p. 42.] 

37. ^To subtract one fraction from another. 

Rule. Proceed as in addition, except that one numerator 
is to be subtractedyrom the other insteaa of being added to it, 
to form the new numerator. 

--,- a c a — c jfl c ad-^bc 

Ex. 1. Subtract —v from —-. 

7b 7b 

9a 2fl_ 9a-2a 7a a 

7b 76"" 76 ""76 ""iS* 

3x 3x 

Ex. 2. Subtract -— - from 7-. 

24y 4y 

Sj? 6x3x _ I84? 

4^ "" 6x4^ 24y ' 

/. the difference required = — — — - = r-— = ^- , 

^ 24y 24^ 24^ 8^ 

•n « -c 5a6 ^ , 7ab 
Ex. 3. From — take -^ . 

Here 12 is the l.c.m. of the denominators. 



5ab I5ab . 7^6 14a6 

'~r~ ^ ' ^ 9 ana — ^ =» ^- 
4 12 ' 6 12 



> 
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I Sab 14a5 ab 
'12 



.*. difference required 



12 12 

N.B. Any quantity^ not in a fractional form, may be 

considered and treated as a, fraction whose denominator is 1; 

-ax, a^b . — axl a 

thu8a = Y^ * = T> a- 6= -—p-, and so on. Fora^-j— =r-» 

by Art. 34. 

[^Exercises J, 19...32.] 

EXERCISES. J. 



Add together 

,,. d? 24P , Sx 

(1) -, y, and— . 

(2) -g-, and-g^. 

,_. ^a a ,1 

(S) -, 3, and-. 

(4) -— -, and 



(5) ?^, and 

(6) ??±1; and 



5 
4r— 5 

7 

4*— 5 

21 



(7) -, -, and -. 

^ ^ a^ a a 

('> ^' ^' ""^^ 55 • 

//.N 2 1 ,1 

(9) ^> ?> ^^ 7' 



Subtract 

(19) I from %. 

(20) ^fromx. 

o 

/fl,\ 5x+4- 10a? + 17 

(21) _- from -^^, 



(n) X, — g— , and -y~, 

4x-H 
"12"' 
7*+ 6 



(12) g, — ^,and 



(14) |, i^, and ±. 

(»^> ^' 4' ""^ 4* 

(16) -, I, and -. 

^ ^ a c 

f^^\ ^y-ob xv-bc J ^ 

(18) -TT-* -Tr>»'^d 



a6 ' be 



ac 



/««N 2x-S - 5af-l 
(22) — : — from 



4 



8 



(23) 5|H;^from?^^l. 
10 5 

(24)14±i?from7H- '* 



JT + l 



X+l 



MUL1!1FLIGATI0N AXD DITIBION OF FRAOTIONB. 

Subtract 
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(2^ ?+f: from-+^. 

^ ^ X X XX 



(26) 



X ^ 3x 

from ' 



(27) - 



x + 1 
2ar-7 



x + 2* 



21 



;^ 3x4-7 
from - 



(««). ^+^ ^~" 



14 

llg-'13 
25 



(29) 
(SO) 



b-^cx 

2x 



from T • 
d?4.y 



- from 



(31) ^ from 



(32) 



x-i-y 



from 



3 + 2jr 
1 + «*-J- 2* * 



MULTIPLICATION AND DIVISION OF 

FRACTIONS. 

38. To multiply a fraction by a whole number, 

KuLE. Multiply the numerator of the fraction by the nhcle 
number for a new numerator , and retain the denominator. 

Thus cxr = -r-; for the unit in ^ and -j- being divided 

into the same number of equal parts (since the denominators 
are the same), those parts are all equal to each other, and c 
times as many parts being taken in the one fraction as in 
the other, it is clear that the one is c times as great as the 
other. 

Ex. 1. Multiply ^ by 2. 



Product = -r ; for twice t is r + r" , (Art S6)^ -j-, 



ax 



Ex. 2. Multiply y- by m. 



ax max 
wx-i— = 



T~=-jr— , the product required. 



Ex. 3. Multiply ^—^ by 7- 



a^x 



Product - 7x 



a-^x la-^^x 
a + jp"" a +d? 



44 HULTIFLICATION AND DIY|gION OF FRACHONS. 

Ex. 4. Multiply , by 2a. 

„ J ^ ^ a — a? go" — 2fla? 

Product = 2ax— r— = 7— — . 

o b 

{Exercises K, 1 ... 1 5, p. 48. ] 

39. To divide a fraction by a whole number. 

Rule. Divide the numerator of the fraction by the whole 
number, when that can be done, for a new numerator^ and 
retain the defiominator : or multiply the denominator by the 
number for a new denominator, and retain the numerator. 

Thus -7- -^ ^ = T * ^^^ T -^ ^ = T- ; for since c times 
b 6 6 be 

a ac ac ac 

-T^^-r > by Art. 38, the c^ part of -7- , that is, -r-^^> must 

bo- b b 

be r • And, again, since t=^t-> hy Art. 34, and t- = c 

times 7-, by Art. 38, tlierefore t is c times as great a^T-, 

and therefore r- must be the c*^ part o^ ri or t-^ c^j-- ; 
which proves the rule. 

Ex. 1. Divide -t' by 2. Quotient =r> v 2a-T-2 = a. 

Ex. 2. Divide —. — by rh. 

by 

•.• max -t- wi = flfar, .*. the Quotient = 1- . 

by 

Ex. 3. Divide ^?^^^^^ by 7. 

•.• numerator -r 7 = « — «» .*• the Quotient = . 

■r. - Tk» 'J 2a5 - 2a- , ^ 
Ex. 4. Divide by 2fl. 

•.• 2a6 — 2a" divided by 2a « 6 -a, .•. the Quotient = " . 

{Exercises K, 21. ..27, p. 49.] 

40. To multiply one fraction by another fraction. 

Rule. Multiply the numerators together for a new nume^ 
rator^ and the denominators together for a new denominator. 
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a c ac 



Thus -tx^s >-?• To prove the rule, we have ^ to be 

taken 7- times. Now -j taken a times is -^, by Art. 38: 
o a a 

but -r is the 6^ part of a (Art. 33), therefore ^ is to be 

taken, not a times, but the h^ part of a times. Hence the 

product required will be the b^ part of --=- , that is, -j-^h 

ac 
which is Tj > ^y Art. 39 ; 

a c axe , . , -..I. 1 

•'• A^^~A~~^* which proves the rule. 

., . a c ac 
Also, smce TXj = -r7 5 
6 a 6a 



ace ac e ace 



b d f bd fbdf* 

and so on, whatever be the number of fractions to be mul- 
tiplied together. 

9, b 2b 

Ex. 1. Multiply - by - . Product = — . 

'^ ^ a "^ c ac 

Ex. 2. Multiply ^^-^ by - . 

6 a — x 6a — 6x 

-X = . 

X y xy 

Ex. 3. Multiply — by - . 

3y X 

2a h 2axb 2ab 

•X— = 



Si/ X 3i/xx Sxt/ 



X X 

Ex. 4. Multiply — by - . 

X XX ST 

Product = = -5 . 

axa or 

Ex. 5. Multiply - — by - — . 

^ •' 2xy "^ bxy 

^ . ahx2ab 2aV 

Product 



2xyx5xy lOa^t^ ' 
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The result in the last Example is not in its lowest terms, 
the numerator and denominator being both divisible by 2. 
This should have been avoided, by observing, before the 
multiplication was effected, that k would be a common Jactor 
in the numerator and denominator of the product, and leaving 
it entirely out of consideration ; for the neglecting of sl fac- 
tor common to numerator and denominator is clearly equi- 
valent to dividing numerator and denominator by that factor, 
which we know does not alter the talue of a fraction, but 
merely reduces it to htver terms. Similarly, any number of 
factors which we see will be common to numerator and de- 
nominator of the product may be neglected, if we wish with 
the least trouble to have the fraction in its lowest terms. 

Ex.6. Multiply — by —. 

Here -—x— = — , neglecting the factor 3 common to 

numerator and denominator of the product when found 
according to rule. 

Ex. 7. Multiply -r^Y T' 

Here the product, according to rule, ~— r— r- , and the 

factors common to numerator and denominator are 4 and 5 ; 
omitting these factors the numerator becomes xy.x, or a^, 

and the denominator 1x1, or 1, therefore the product »•-, 

orj;*. But the student should endeavour to be able to do 
all this at a single step thus, 

Ex.8. Multiply ?^^ by 4. 

Here we say at once that the product is 9,x - 5. In fact, 
4 times the 4th part of any thing, or quantity, must plainly 
be the whole thing or quantity itself. 

Ex. 9. Multiply ^^ by 8. 

Here 2x- 5 is to be divided by 4 and multiplied by 8 ; 
this is ecjuivalent to simply multiplying it by 2, and the 
product is 4r — 10. 



)fm«TIPLICATION. Ain> DIVISION OF FRACTIONS. 47 

Ex. 10. Multiply ^^^ by SO- 
SO 
Here t3 = 5, .*. the product required is 5 times 2« - 5^ 

or lOr — 25. 

Ex.11. Multiply by 7 . 

The product = x 7" ; and a + b midtifj^ied by 

a-^b — a^ — h'^ /. the product «= — r — . 

^Exercises K, 16...20, and 31.. .3S, p. 49.] 
41. To divide one fraction by another fraction. 

« 

Rule. Invert that fraction which is the divisor^ {that is, 
putting the numerator in the denominator's place and the 
denominator in the numerator's) and then multiply this fraC" 
tion by the oiher according to the rule for multiplication. 

Thus T -^ ;• = tx- - r- • "^o prove the rule, 

Since the Quotient is always such a quantity as multiplied 
by the Divisor will produce the Dividend^ therefore if the 
dividend can be put into two factors^ one of which is the 

divisor, the other must be the quotient. Now j-, the divi^ 

- , axed aed cad c ad ^ ^ . . ^ c 

aena, ss- — -j~ird^~dhr^2^h~ * which two factors -% 

is the divisor, therefore the quotient ~ r— > the other factor, 
which proves the Rule. 

Ex. 1. Divide - by - . 

2^3 2 y_ 2y 
X ' y X S" Sx' 

Ex. 2. Divide t- by t • 

«jr^a_a^ b ^abx x .. 

ty b''by^a''^''y' ^ ^ 
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Ex. 3. Divide -r--' by - . 

3xy ^ X 

Zab __ 6 _ 2ab x 2abx ^2a , bx 2a . . 

Ex.4. Divide j^^- by - . 

2a*6 ^ a6 _ 2a*5 2xy 2a ,ab , Qxy _ 2flf 
lOxy * 2x1/ ~" 10a?y ab San/ . 2ar^ . ab " 5xy * 

Ex. 5. Divide — ^ — by - . 

fl — 4? 2_a — jf a a^ — ax 
4 "^a 4~^2 8 * 

Ex. 6. Divide by . 



ax 



a* — jr" fl + 0? a* — a^ a 



a -^ X a-h X a 



fl— X 



ax 



a 



ax a -hx 



1 + JP* + 2«r 

Ex. 7. Divide -zr- by 

Sx ^ 



X a a + x 
1 +x 



2x 



^ . l+j:'+2jr 2a? 1+x 1+x 2x l+x ^ 2+2ar 

{^Exercises K^ 28 . . . SO, and 39... 46.] 
EXERCISES. K. 



(1) Multiply - by 3. 



(2) 

(3) 
(4) 

(5) 
(6) 



2 -^ 
|by6. 



fl— J? 



by 4. 



gbyfiO. 



2a? 



(7) Multiply 57 by 84. 



(8) 

(9) 
(10) 

(11) 
(12) 



21 

8x~5 

2 
12+9jr 
~16~ 

8-73? 

fo+13 

li 
2«-l 



7i 



by6, 
by 80. 

by 9. 
by 15. 

by 15. 
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(IS) MuUiply ?^byll. 
(14) ... ^^-by7. 



(15) 



24 



by 10. 



(16) ...f byl. 



(21) 
(22) 
(23) 
(24) 
(25) 



Divide -r- by 5. 
2 "^ 

... ^by5. 
... -^byC. 



21ax 
Sifiif 



by 7a. 



by 2«. 



(17) Multiply 1- by ^ 



(18) 
(19) 



(20) 



2i''y:i- 

If X ^ ^ xy 



(26) Divide ^-^^^^^ by 2x. 

.y ^ 

fan\ 5^ + 6fl^ , 

(27) . . . i by $a. 



4 



(28) 

(29) 
(30) 



^by?:^. 

z ^ y 
2abc , ac 



3d 

.g^by-^ 
26c -^ 



4*' 



Multiply 

(31) 4? + -byjr + i. 

(32) * + *by^+i. 
If ^ X X 

(33) ^ + JLbyi 
^ ' t+x 1- X ^ 2 



2a 



2a 



(34) 1-J^byl + -^^ 
^ 1+a -^ 1-a 



Divide 



(40) 



2-« 

y 



"'li 



,^^. 1 m-3 , 1 m-2 

c^^^i-'^-'^y 3-^-3- 

r^/jx a I b . b la 
(37) — i^by 



a — X 



. . q' + gg + j:* , a-x 
^ ^ a^-ax^a^ ^ a-¥x 



b-3a . 2a -b 
2ab ^ 4a 

X 
X 



(41) 

(42) lbyl+^ 
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Divide 



W |byl-i. 



6» 

(45) fl^ by 



a-x 



a' 



^ ^ '■"4-aj' ^a + jp 



BEACKETS. 

42. When it is intended to express, that a quantity of 
two or more terms or factors is to be operated upon, as a 
fvhole^the quantity is often inclosed within **5rflcA:e/j", such 
as 0, {}* CD* ^^'9 having the sign or symbol of the operation 
immediately affixed to the Brackets^ as it would be to a 
quantity represented by a single letter. 

Thus a + {h —c) means that 6 — c is to be added to a^ 

fl — (^-c) b — c subtracted from a^ 

II X (6 — c) b — c multiplied by a, 

(6 — c) -7- fl b — c divided by a, 

(6 — c)' b — c squared. 

J{b - c) the square root of 6 — c is to be taken. 

(aby a times b ,,, squared. 

And that brackets have a significant meaning will be easily 
seen by striking them out in a particular case, and observing 
the result Thus, if to express b — c taken a times we were 
to write ax b — c, we could not fairly obtain any other 
product from this than ab — c, instead of the true product 
ab — ac. Again ft - c' would not express the square of 6 — c, 
but only that the square of c is to be subtracted from ft, 
which is quite another thing. 

43. Sometimes, in the place of Brackets ^ a straight line 
is used, called a Vinculum (Latin for 'a bond, or tie '), drawn 
over the several terms or &ctors which are to be operated 
upon as a whole. 

Thus « — ft - c means the same as a - (ft - c), 
^c J{b-c), 

ft-c]' (^ — c)'; and so on. 

It must also be carefully borne in mind that the line 

which separates the numerator and denominator of a. fraction 

b "^ c 

serves as a Vinculum for both. Thus means the same 

a 
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as6 — c-f-o, or (J— c)-ra; and — -j means the same as 

a-^b-T-c-d, or (a-b)-7-(c-d), 

A4t, The learner often finds much difficulty in the use 
of Brackets and Vincula; all which may be avoided by con- 
stant attention to this one Rule :— 

Never make a bracket or vinculum to disappear except 
when the operation indicated bp the sign or symbol affixed to 
ii has been performed. 

Thus in fl + (^ -• c) the bracket is introduced simply to 
signify that the whole quantity b^c is to be added to a, the 
sim preceding the bracket being -f . When^ therefore, this 
addition has been performed^ the bracket is no longer of any 
use^ and may be omitted. 

Similarly in a - (6 - c), the sign before the bracket being 
— , signifying that b^ci^tobe subtracted from a, when the 
subtraction has been done^ the bracket is no longer of any 
use, and may be omitted. 

In these two cases, however^ the above rule admits of 
modification; for 

I. In the first case^ since, by Art 16, the addition of 
i — c to a is performed by merely writing the quantities in 
one line with their proper signs, thus, a + b^c, it appears 
that where the bracket is used for purposes of Addition, that 
is, is preceded by the sign + , the bracket may be struck out as 
of no value in the result. 

II. In the second case, « — (6 — c), since by Art. I9, the 
subtraction of one quantity from another is performed by 
changing the sign of every term in the quantity to be sub- 
tracted, and then adding by the rules for Addition, instead 
of i - c to be subtracted from a, we may put —b + c to be 
added to a, which gives a — b -\-c, by Art. 1 6. Hence in 
cases, where a bracket is preceded by the sign — , the bracket 
may be struck out^ if every sign within the ^racket be first 
changed^ that is, + into - , and — into + . 

But in all cases where brackets or vincula are used 
for purposes of Multiplication, Division, Involution, Evo- 
lution, &c. the Multiplication, or Division, or whatsoever 
operation it may be, must be actually performed before the 
Brackets or Vincula can disappear. 

It may be worth while to notice further, that a bracket 
or vinculum sometimes serves two purpo ses at the same 

time: for example in a'-^a^b)*^ or fl*-fl-6|*, the bracket or 

4 — 2 
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vinculum not only expresses that a — 6 is to be squared, but 
also that when squared the whole result is to be subtracted 
from a*; both which purposes must be satisfied^ before the 
bracket or vinculum is dispensed with. 

Ex. 1. Simplify a-^^a— b), 

fl + (a-6) = a + a-6, by I, 
=» 2a - 6. 

Ex. 2. Simplify a + ^ + (« - b). 

a+ 6 + (fl - ^) = fl + 6 + a- 6, by I, 

= 2ff. 

Ex.3. Simplify fl-(a-^). 

a-(a-6) = fl-a + 6, by II, 
= b, 

Ex. 4. Simplify a + ^ — (a — ^). 

a + 6-(a- J) = a + 5-a + ^, by II, 

= 2^. 



Ex. 5. Simplify ac^a—b ,c, 

ac — a — b.c^ac^ac^bc^ 

==ac — ac+ be, by II, 

Ex. 6» Simplify -y r — • 

a a — b a — a^b , a^«,. 
?--? J—, by Art 37, 

« g , by II, 

= 1. 

a-hx 



Ex, 7. Simplify 1 + 



a — x 



a-k-x a — jf a + J? 

1 + « + , 

a^x a — x a — J? 



a — « + a + jf . . ^ 
^, by Art 36, 



a— JT + a + jf 

a — j: 
2g 



ibyl. 



Ex. 8. Simplify 1 - -— - 

c* + * 

a — X a + x a — x 
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a — 4? 



a + x a -{-x a + x' 



a + x — a — x , A s. o^v 
— , by Art. 37, 



a + x 

a-\-x 
2x 



, by II, 



a + x 



Ex.9. Multiply a--y-by2. 



/ a— 6\ a-h (erasing the bracket,because the 

*^v""2~/'^^^"^^~2~^ 1 multiplication is performed, 



2a —' 



«2fl — a-6, 

= 2a-fl + 5, by II, 

Ex.10. Multiply |-^byia 

The Product = lOxf - lOx^^, Art. 22, 

^lOxJOi^^^ 

2 5 

= 5jr-2(a?--6), 
= 5x-(2ar-12), 
= 5a:- 2a: + 12, by II, 
« Sx + 12. 

Ex.11. Simplify (a + iy-(a-6)'. 

(a + by - (a -6)' = («• + 2a6 + 6') - (o* - 2a^ + 6«), 

= fl« + 2aft + 6»-fl* + 2fl^-5*, by I and II, 

= 4fl6. 
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N.B. If a numeral or letter immediately precedes the 
first limb of a bracket without any sign intervening, the sign 
X, or the word ^times\ is understood, and extends to the 
whole quantity within the bracket. Thus 4t(a + x) signifies 
4 times the sum of a and x ; 3(a + b'-c) signifies 3 times 
the quantity which results from adding together a and 6 

and subtracting c; ^Ij-'^-j] signifies 5 times the sum of 

, a c 

the two fractions j and - ; and so on. 



Similarly (a + 6)(c + rf) signifies a + b times c + d, that 
is, c-hd multiplied by a + b; and so on : the bracket and 
quantity inclosed within it being considered as a single term 
with respect to any operation to be performed upon it. Thus 
(a + b)(c + d) is the same as xy, where a + ^ = j?, and c +d==y, 

EXERCISES. L. 
Simplify each of the following quantities : 



(1) ab + a(c-b). 

(2) 4(l-a:) + S«. 

(3) 2(fl + jr)-2(a-a:). 

(4) 2(fl + 6)(fl-6). 

(5) 5(l-jr) + (l+5jp)x2. 



X 



— jr — 2a, 



(6) 



(7) |(«+^)-i(«-6). 

(8) (fl + 7)a;*+(6-7)*'. 

(9) 2-(-4 + 5a;). 
(10) l-(l-r^). 



(11) (6a-6 + (?)-(a-^-2c?). 

(12) Q{a''x)(2a'^x) + -x(a + x), 

(13) (1 +;?)(!-*) (!+«'). 

(14) 2(*'-i)^(8*+l) + l. 

(■») i(5*3)4S-5)- 

(16) ( «(« + &) + &• ) , p(a + 6) + a' ) 

^'^> H8(l^*8(rTi)}- 



L 
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(19) |<* + l){^+2-i(24f + l)}. 

(20) {l-\-x\^}x{^ + x). 



SIMPLE EQUATIONS OF ONE UNKNOWN 

QUANTITY. 

45. If we say that 2 j? + 3x = 5x, or 2 (a + or) = 2a + 2x, 
or such like, where an equality is expressed betwixt two 
quantities which differ only in formy (an equality which 
admits of no more question^ than 2 -f 3 = 5, or 2x{l+5}=12) 
— and which holds true for any value whatever of x, such 
an expression is called an " Identity", But when we say 
a: + 4 = 6, or 2 (1 + J?) = 14, or such like, in these cases it is 
clear that only certain values of x will permit the expressed 
equality to be true, and these are called " Equations'*. 

In *'^ Equations" the question always is, what value of 
the letter or letters not already known will verify the ex- 
pressed equality? The finding of such value is called 
''Solving" the ''Equation". 

Thus, in the Equation ^4- 4^6, to find the value of x, 
that is^ to solve the Equation, we see at once that x is the 
number which added to 4 makes 6, .-. jr := 2, and can be no 
other numb er. Again, in 2(1 + or) = 14, to find x, since 

twice l+a: = 14, l + jp must be 7, and .\x = 6. But these 
* Equations' are of a very simple character. It is obvious, 
that unknown quantities, one or more, may be involved 
in endless ways with others that are known, and form 
'Equations' of a much more complex character; and to 
find the values of the unknown quantities in such cases 
forms a chief part of the business of Algebra. 

To this end the following Rules are needed. They all 
rest upon the axiom, or self-evident truth, that, if two 
quantities are equal to each other, and the same operation 
precisely be performed upon both, the results will still be 
equal. 

46. Rule I. If the same quantity he found on both 
sides the syanhol —^ and having the same sign, + or —, it may 
be erased along with its sign from both sides. 
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This is evident^ for if equal quantities be taken from 
equal quantities the remainders are manifestly equal. Thus, 
ifa;-(-4»7 + ^9 +4 may be struck out on both sides the 
symbol =, and leave jr « 7» 

47. Rule II. In an equation any term may he trans- 
posed from one side of the symbol = to the other, if its sign 
be changed^ + to — , or — to +, as the case may he> 

For, let ax + bstcx-^d be the equation; then if from 
the equal quantities we subtract the same quantity, ex, the 
remainders will be equal ; that is, 

,'. ax — ex •¥ b ^ dy %• cj? — c« = ; 

thus ex has been transposed from one side of the symbol » 
to the other by changing its sign. 

Again, subtract b from each side, then 

fl J? — cj? + ^ - 6 « rf — ^, 
or ax — cx^ d— b, \* b — b^O, 

that is, b has been transposed from one side to the other by 
changing its sign, 

Ex. 1. Transpose the letters to one side, and the num- 
bers to the other, in the equation x + 2 = 6 — x. 

Here ar + j? = 6-2, — x being changed into + x, and + 2, 
into — 2, according to the rule. 

Ex. 2. Transpose the literal terms to one side, and the 
numbers to the other, in the equation 

4j:-6 = Sa:-2x + 12. 
Here 4a: - Sx + 2ar« 12 + 6. 

48. Rule IH. If every term of an equation be mtUti' 
plied by the same quantity, the equality will still remain* 

For, in multiplying- every term by the same quantity, 
the whole quantities which are equal (Art. 22) are equally 
multiplied, and therefore the products must be equal. 

This rule is chiefly used for clearing an equation of 

fractions, if they stand in the way. Thus, taking the 

5x 
equation 7jr — 6=— , multiplying every term by 3, the 

denominator of the fractional term, we have 

5x 
21a? - 18 ?= 5a?, (••• 3x-~ = 5x,) 

3 

in which no fraction appears. 
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Again, if the equation be o + ^^^-r-^G, multiplying by 

2, "we get jp+lOes— +12, making one of the Jractions to 

3 

disappear. Next, multiplying by 3, the other denominator, 

we get 

S«+ 30 « 24? + 36, in which no Jractions appear. 

And the same thing may be done in like manner^ what« 
ever be the number of fractional terms. 

But the readiest method of clearing an equation of 
several fractional terms is to make one multiplication serve 
for all^ which may always be conveniently done, if the 
denominators of the fractions are not very large. Thus, in 
the Ex. before given, 

instead of multiplying first by 2, and then by 3, multiply 
at once by 2 x 3, or 6 ; then we get, at one step, 

3jr+30«2a? + 36, V 6 x- = 3a:, and 6x- = 2jp. 

X Qx X 
Again, if the equation be s - -^ + t " ^j multiplying 

t£ S O 

at once by 2 x 3 x 5, or 30, we get 

(•.•30x- = 15a?, 30x-^ = 20jr, 30x- = 6j?), 
% s o 

15jr-20« + 6d: = 180, 
in which no fractions appear. 

But sometimes instead of multiplying by the product of 
the different denominators it will save trouble to multiply 
by their '^ Least Common Multiple^' j that is, the least num- 
ber which contains each of them without remainder. Thus, 
taking the equation 

M? d? wT _ 

+ - = 3, 

2 4 8 ' 

in this ease the product of the denominators is 64, but the 
small number 8 is their Least Common Multiple^ and will 
serve as a multiplier to clear away the fractions. Thus, 
multiplying by 8, we get 

X X SR 

(•/ 8 X - = 4j?, 8x - = 2jp, 8x ~ =s j:), 
s! 4 o 

4* — 2« + a? = 24, 

in which no fractions appear. 
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49. Rule IV. If every term of an equation be divided 
hf the same quantity, the equality will still remain. 

For, in dividing every term by the same quantity^ the 
whole quantities which are equal (Art !^6) are equally 
divided, and therefore the quotients must be equaL Titus, 
if 4jr — 2a: = l6, dividing every term by 2, (which will be 
taking the half of equal quantities) we get 2jr— j;e>8. Or^ 

if 7* = 28 be the equation, — = — , or j? = 4. 

. . .- . ax h b 

Again, It ax=o, — =-, orjp = -. 

® * a a a 

Having established these four Rules, we are now enabled 
to proceed with the solution of equations, at least of the 
simplest class of them, called *' Simple Equations of one Un» 
known Quantity \ meaning such equations as contain only 
one letter not already known, and that too in its simple 
1st ^ power', as x, not containing any higher power as 
x', x\ &c. after the preceding Rules have been applied to 
simplify it, 

50. To solve a simple equation of one unknown quantity, 

(1) Clear the equation of fractions by Rule III., if the 
unknown quantity he found in any, (not otherwise). 

(2) If any brackets or vincula remain, get rid of them 
by Art 44. 

(3) Transpose all the terms which contain the unknown 
quantity to one side of the symbol >», and those which do 
not to the other side, by Rule II. 

(4) Combine similar quantities as much as possible by 
the rules o^ Addition and Subtraction, which will make the 
unknown quantity appear in one term only. 

(5) Divide the whole equation by the coefficient of that 
term, and the required value of the unknown quantity will 
be found. 

N.B. At any stage of the process of solution, as well 
as at the beginning. Rules I. and IV. must be brought to 
bear, when the equation will suffer it. 

Ex. 1. If Sx -f 4 — 6 » 2j? + 7» find the value of x. 
Here the unknown x does not appear in a fractional form, 
nor are there any brackets or vincula, therefore we begin at 
once by 

transposing, Sx — 2* » 6 + 7 — 4, 
and combining, Ijr, or ^=p99 the value required. 
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That this value of x is correct will appear by putting 
9 for X in the given equation ; for then we have 

3x9 + 4-6 = 2x9 + 7, or 25 = 25. 

1 H 

Ex. 2. If 7'i?-5jr + - = ^-3jp+19, find x. 

2 2 

Here the unknown x does not appear in a fractional form, 

therefore 

S 1 
transposing, 7* — 5x + Sjp = ^ — - + 1 9, 

S 1 
combining, 5* » ! + 19 = 20, (•/ - - - « i), 

dividing by 5^ j? ^ — - « 4. 

o 

[I Exercises M, 1 ... 1 4, p. 6 1 .J 

J? 
Ex. 3. If 2a: — 3 = ~ + 6, find the value of x. 

Here the unknown x appears in a fractional form, ~ , 

therefore to clear the equation of this fraction, multiply the 
whole by the denominator 2, and we have 

- X 

4j:--o = a? + 12, •.•2x- = a:, 

transposing, 4j? — a: = 12 + 6, (12 is the same here as + 12), 

combining, 3x = 1 8, 

18 
dividing by 3, a: =-— - 6, the value required. 

3 

To shew that this value is correct, substitute it for x in 
the given equation : then we have 

2x6-3 = -+6, orl2-3«3+6, or 9»9, 

which is obviously true, shewing that the proposed equation 
is true, if a: = 6. 

^Exercises M, 15... 19, p. 6 1.] 

Ex. 4. ^^ |- 5 = |- 3' ^^^ ^• 

Here the unknown quantity appears in two fractions, 

X X 

- and - , therefore to clear the equation of both, multiply 
by 2x3, or 6, by Rule HI., and we have 

X X 

3a?- 30 = 24? -18, •/ 6x- = 3jf, and 6x-- = 2x, 

2 3 
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transposing, 3x — 2jr = 30 — 1 8, 

combining, a « 12. 

12 
This value of x is correct, for — — 5 = 6-5 = 1, and 

12 
--3-4-3 = 1. 

Ex.5. If ^ + 6-^^^, finder. 
2 2 ' 

Multiply by 2, j: - 6 + 12 = 5* - 6, 
erasing — 6, « + 12 = 5jr, 
transposing, 12 = 5jr - x, 

combining, 12 = 4a, 

dividing by 4, 3 = jr ; or j? = 3. 

Ex.6. If f- ^-1 = ^-3, find*. 
2 3 3 3 

Multiply by 2 X 3, or 6, 

3jp-10ar-8 =8ar-18, 
transposing, 3x - IOj: - 8ar « 8 - 18, 
combining, — 1 5a? = — 10, 

dividing by - 15, a? = ^ = - . 

[^Exercises M, 20... 24, p. 6l.] 
Ex.7. If|-|+|=-, find or. 

Multiply by 2 X 3 X 5, or 30, 

(•.•30x|-10a?, 30x| = 15x, 30x^ = &r), 
s ^ o 

10ar-15a? + 6j? = 15, 

combining, 4; = 1 5. 

Ex, 8. If:^-!5 + i = 39,find«. 

The 'Least Common Multiple' of 3, 10, and 6, is 30, 
therefore to clear off* fractions multiply by SO, and we have 

4j7 
(•.•30x-- =10x4ar=40ar, &c.) 
3 

40x-6a? + 5a; = 1170, 

combining, 39^ = 1170, 

dividing by 39, x = -— = 30. 

[^Exercises M, 25... 36.] 
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EXERCISES. M. 
Find the value of x in each of the following equations : 



(1) ftp- 10 = 5j?- 4. 

(2) 13jr+l«9j?+5. 

(3) 3jp + S0 = 2jr + S6. 

(4) 4a? -2d? = 24 -jr. 

(5) 7a?-ll + 5 = 8a?-9. 

(6) 15-2a: + 6 = Sjp+l. 

(7) Sj?-6=12-4j?-4. 



(8) 12-8a? = 15-Sjr-8. 

(9) 121 =14jp + 1 - Sx+ 10^ 

(10) 500=30a?+12+S2a?-8* 

(1 1) 7^-2 jr+5 = 1 3js-4a?-l 5. 

(12) 12«-6jr+4d:=s3ar+84. 
(IS) 2ar + J = 3jr-i. 

(14) 15«-Sj = 3i + ar. 



(15) « + - = 6. 

(16) 2ar-.|=18. 

(17) 3ar + f = 4«-6. 

3 

4r 2 

(18) -3- + 3 = * + 8. 

09) y-5-'-«- 



(20)1 + 1=15. 

^^*) 5~T0"2* 
(22) *-|+|-| = 3i. 

(2S) | + |-^=*-4. 

<24)y-l-- + -. 



,_«^ 4f «r d? 4 3 
(25) -.--- + - = -. 



(26) ?-¥-^^ = ^9i 



2 



2""6 



/o.*N X X X X ,^ 

(28) x-g---- = - + 9. 

/ar\\ X X O X 

(30) y-i-6=2r"28' 
(31)2x-|-2i-^=^-lf, 

^^' 8"^ T~ 15 "60*20' 



(33) |-|.lj=?.?f.2 



4 



14 
3 



3j? 7x 7*p 19 
(^*) 16 * 15" 20° ~-^- 

/«»\ 14«jf 8df ,^, 2x ^o 
(35)— --3-=10J + j^-3|. 

(36)--4i + 3j+2=lf- 
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51. When brackets or vincula appear in equations thejr 
are got rid of by the rules given in Art. 44. 

Ex.1. If 2(«+5)+3(2jr-7) = 21, find «. 

Since the 1st bracket here is used to shew that a; -1*5 is to 
be taken twice, and the 2nd to shew that 2x-^7 is to be 
taken S times, and added, if we perform these multiplications 
we may then strike out the brackets, (Art. 44), and we have, 

{v 2(aj + 5) = 2* + 10, and 3(20? -7) «6jr-21,} 

2jp+10 + 6jr-21 = 21, 

transposing, 2jp + 6j: = 21+21 — 10, 

combining, 8x s 32, 

dividing, * = -^ =4. 

Ex.2. If 2(jr + 5)^3 (2jr-> 7) =» 15, find or. 
•.• 2(a? + 5) = 24? + 10, and S(2j: - 7) « 6a? - 21, we have 
2jr+10-(6ar-21) = i5, 
or 2ii? + 10-6i? + 21 = 15, by Art 44, 
transposing, 2jr- 6x = 15 - 10 - 21, 
combining, — 4j? = — 1 6, 

dividing, x = — — = 4. 

Ex. 3. If 5 -r- ^x-^S^ find a:. 

Multiplying by 11, and observing that the line which 
separates the numerator and denominator of a fraction always 
serves as a vinculum to both, we have 



55-jr + 4 = 11* -S3, 

or 55 - « -4 « 1 lor - 33, by Art. 44, 

transposing, 55 - 4 + 33 « 1 Ix + «, 

combining, 84 = 12jr, 

84 
dividing, x = ~ = 7- 
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Ex. 4. If a? + — - — = 12 — , find a. 

To clear off fractions multiply by 2 x 3, or 6, and we have 
&r+S(3ar-5) = 72-2(2a?-4), 
or 6a? + (9a? - 15) = 72 -(4ar- 8), 
.-. 64? + 9^?- 15 « 72 - 4* + 8, by Art 44, 
transposing, 6j: + gj? + 4j: = 72 + 8 + 1 5, 
combining, 19^=" 95| 

dividing, « = — = 5. 

17 r TP 8-7J? 12 + 90? I-Sj? 29 + 84? ^ , 

Ex. 5. If . ^ + — -^ — = — — , find J?. 

8 16 10 20 * 

The Least Common Multiple of the denominators is 80, 
and multiplying by 80, we have 

10(8- 7j?) + 5(12 + 94:) = 8(1 -3a?)- 4(29 + 8x), 
or 80-70jr + 60 + 45a?=8-24a:-ll6-S2ar, 

transposing, 24Jf+S2a?-70x + 45j? = 8- II6-6O-8O, 

combining, 31a? = - 248, 

diyiding, * = -— - » - 8. 

Ex.6. Ifi(3*+|)-i(4«-6|)=l(6«-6),find*. 
Multiply by 14, and we have 

34? + ^ - 2(4a? - 6|) = 7(5a?-. 6), 

or 3* + I - (8x - 12|) = 35a?- 42, 

2 
.-. 34r + --84:+12j = 35a?-42, 
o 

2 
transposing, 42 + - + 12 J = 354? + 84? - 34?, 

o 

combining, 56 = 40x, •.• - + - = - =s 2, 

3 3 3 

dividing, ar=^-l|. 
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EXERCISES. N. 
Find the value of x in each of the following equations : 



(1) 6ar+2(ll-j:)=3(19-*). 

(2) 3(a? + l)+2(a?+2) = S2. 

(3) 3dr-2(5x+4)=2(4jr-9). 

(4) 5(2j?-2)-S(2j:+1)=27. 

(5) 6(S-2a?) = 24r-4(4a?-5). 

(6) 45-.4(j:-2) = 5(dr + 2). 



(7) 7^ = 8- 



1-9^ 



, . 2 J? X— 1 

(8) y + 4 = « g-. 

(10) l(*+6)-^(l6-S*)-4i. 



(11) -^(S«+3)+i(7*-4)-^(7«+l) = 2. 

(12) lo(* + i)-6x(l-l)-23. 



52. It will often happen that the unknown quantity is 
found in the denominator q£ one or more of the fractions; but 
the preceding methods are not materially affected thereby. 

Ist. If the denominators which contain the unknown 
quantity be single terms, no other method of solution is 
required but such as have been already applied. Thus, 

Ex. 1. If -.-4 = 5, findx. 
2x 



transposing, 



&-'**■ 



multiply by 2x, 9=1 Sx, 
dividing. 



18 2 



Ex.2. If £ + l=2+^-.A,findar. 

X X X X It 

Since the first 4 fractions have a Common Denominator, 
by Addition, 



X 



17" 
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transposing, 


S 6 2 
X x"!!* 


combining, 


2 2 
x^ 11^ 




.*. a:= 17. 


if5_2 

X Sx 


= TT- + t; , find X. 
3x 3 



Ex.3. 

Multiply by 3x, 9 - 2 = 5 + x, 
transposing^ a? = 9 — 2 - 5, 
combining, « = 2. 

[^Exercises O, 1 ... 4^ p. 67.]| 

2nd. If any of the denominators wbich contain the 
unknown quantity consists of two or more termsy it will 
generally be advisable to clear the equation of the simplest 
denominators ^r«/, leaving the others to be dealt with after- 
wards, when, by erasing^ transposing, and combining, the 
equation has been reduced to Jetver terms. Or, if there be 
no simple denominators, then the complex denominators may 
be cleared off singly one by one, till all have disappeared, 

-r. , y^6x+13 3x + 5 2a? £ J 

Ex. 1. If — — — ^-- = — ■ , find X. 

15 5x-25 5 

Multiply by 15 to clear away the simple denominators 
first, and we have 

ox + 13 -^^ — :r—^ = ox, V 15x -— = ox, 

5x—25 5 

ji. ,0 15(3x + 5) 

erasitig^ and transposing, 13 = — ^ — r-r- > 

,« 3(3x + 5) J. .,. 

or 13 = — ^^ r— ^ , dividing nume- 

j? — 5 

rator and denominator of the fraction by 5. 
Multiply by a? - 5, 13ar - 65 =» 9x + 1 5, 
transposing, 1 3a: - 9^ = 65 + 1 5, 
combining, 4x = 80, 

dividing, ^ ** "T ~ ^^* 

1-. ^ ,«10x+17 12a: + 2 5x-4 ^ , 
Ex.2. If_._-^^^_^=-^,find,. 

5 
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To clear ofF first the denominators 18, and Q, multiply 
the whole by 18^ and we have 

.^ 216j: + S6 ,^ 

IOj: + 17 - -v; ^ = lOar- 8, 

llj; — 8 

erasing^ and transposing, 

,^ „ 2l6x + 36 

, . . ^^ 216j: + 36 

combmmg, 25= ^^^_^ , 

multiply by 1 la? - 8, 25 (1 lar - 8) = 2l6af + 36, 

275j:-200«216x + S6, 
transposing, 275ar - 216j? « 200 + 36, 
combining, SQx = 286, 

,. .,. 2S6 ^ 

dividmg, '-W^'^' 

[^Exercises O, 5. . .7, p» 67.] 

Ex. S. If 7 = ;-7 -T, find or. 

j:-1 j: + 7 7(ar--l) 

Multiply by 7 (jf - 1)> and we have 

14fx — l) 
transposing, and combining, 6 = — ^^ — -— ^ , 

J? + 7 

multiply by J? + 7, 6a: + 42 = 14ar- 14, 

transposing, 14j; — 6r = 42 + 14, 

combining, Bx = 56, 

56 
dividing, a? = -— = 7. 

8 

Ex.4. If^(izM+_? 8, find*. 

— x 1 — j: 

Multiply by 3 — x, and we have 

2 (3 - 4a?) + Y~ ='24-80?, 

or 6-8a?+ , '^ = 24-8j?, 

1 — 0? 

Q — 3.1 

erasing, and transposing, ^ = 24-6 = 18, 

i "~ 0? 
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multiply by 1 - X, 9- 3a?= 18- 18j:, 
transposing, 1 8* — Sx = 1 8 — 9> 

combining, 1 5j? = 9> 

dividing, 



15 5' 



Ex. 5. If — - + — = 7 + r» find a?. 

j:+ 1 a?+3 or+l 

Multiply by ar + 1, and we have 

,^ o 30x + 4aj" + SO + 4ar ^ ^ ^, 

15 + 3x + = 7^ + 7+24, 

a? + 3 ' 

transposing, and combining, 

34a: + 4a?'' + 30 



j: + 3 



= 4a:+ 16, 



multiply by or + 3, 

34j:+ 4j:' + 30 = 4a?* + l6ar+ 12ar+ 48, 
erasing, and transposing, 

34a? - l6a? - 12a? = 48 - 30, 
combining, 60? = 1 8, 

dividing, 

[^Exercises O, 8 ... 1 1.] 

EXERCISES. O. 
Find the value of a? in each of the following equations : 
6 



18 



,,v 4 , 5 1 

(1) +1 = -+-.. 

^ ^ X X or 4 

(4) ^+A = fl« + 6». 

^ ' 6a? ax 



, . 6a? -4 or -2 



2x 

5^^^"" 7 



,^. 9x-l6 12 -4a? ar-4 
(6) -.. =- — :^ + 



(7) 



S6 4 - 5a? 
7a?+l6 a? + 8 



0? 



21 



4a?- 11 3' 



(8) 



a?-7 



1 



2a?-15 



J? + 7 ' 2(a? + 7) 2a?- 6 ' 

5 



(9) ^ ' 



X x+1 4(« + l)' 



6—2 



68 
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(10) 
(H) 



17 



10 



6ar + 17 Sx-lO 1-2j?' 
6a? + 8 2ar + 38 



2a: + I a: + 12 



1 = 0. 



53. In cases where tbe numerical quantities are many 
and large, the following method of writing the solution of 
an equation will be found useful and convenient to young 
pupils, who are unaccustomed to add or subtract without 
having the quantities placed beneath each other. 

Ex. 1. If 70a:-42a?+42+280=700-35a;-60x+80+56ar-56, 
find X, 

Transposing^ 70 

35 

60 



a: -42 


or = 700 


- 56 


-56 


80 


- 42 
-280 


165 . 


r= 780 




-9S 


-378 


f 



67 X = 402, 
402 
67" 



a?=s 



= 6. 



Ex. 2. If 



9a?- IS 249-90? 7JP + 9 Sa? + 1 



find X. 



4 14 8 7 

Here 56 is the Least Common Multiple of the Denomi- 
nators, therefore multiply by 56^ and we have 

126a? - 182 - 996 - 36x = 49j? -f 63 - 24ar + 8, 
or 126a?- 182 -996 + 36a? = 49a?+ 63 -24a? -8, 

-8, 



transposing, 126 


x-49j:= 63 


36 


182 


24 


996 


combining. 


186 


a? =1241 


• 


-49 


-8 




137* =1233, 






1233 



x = 



137 



= 9. 



Ex. 3. If 201 (a?- 1) + 25(30? -fl) + 22 (5a? +1) = 
45 (0? + 10) + 21 (0? + 11) - 35, find x. Ans. x = 2^. 
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PROBLEMS 

DEPENDING UPON THE SOLUTION OP SIMPLE EQUATIONS OF ONE 

UNKNOWN QUANTITY. 

54. We are now come to the application of all that has 
gone before to the solution of questions and problems, some 
of which might be solved by Arithmetic, but not so certainly 
and expeditiously, while others lie** entirely beyond its reach. 
At this stage scarcely any rules can be laid down, which 
will be of much use to the learner. Practice only can 
make him quick and expert in bringing a proposed problem 
into the form of an Equation : and when that is once done, 
the solution of the Equation by the foregoing rules is the 
solution of the Problem. 

It may be worth while, however, to urge the necessity 
of fully comprehending the meaning of every part of the 
problem proposed, as the first thing to be done. It should 
be seen clearly both what is known or given^ and what is 
unknown and required. Then representing the latter by x, 
the student will be able, by a little practice, to express the 
conditions of the problem in terms composed of x and the 
known quantities, and at length to translate the whole into 
an Equation. 

Pros. 1. The ages of 3 children together amount to 
24 years, and they were born two years apart ; what is the 
age of each } 

Here we have 
Known quantities. 

1. The sum of the ages 
of all three, 24 years. 

2. The difference between 
the ages of any two of them. 



Unknown and required, 

1 . ' Age of youngest. 

2. Age of next. 

3. Age of the oldest. 



But, in reality, we have only one unknown quantity to 
find, because when we know the age of one of the children, 
the ages of the two others immediately follow. So that, 
we say, 

let or be the age of the youngest, 

then j: + 2 = next, 

and ar + 4= oldest. 

Thus far we have algebraized one of the two known con- 
ditions of the problem. There still remains to notice, that 
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the sum of the ages is 24 years. Now this sum is 3x + 6, 
adding together x, x + 2, and ar + 4 ; 

.'. 3x + 6== ^4ff an equation from which to find x. 
Transposing^ 3jr=s24-6, or 18, 

dividing^ ar = — 'J or 6. 

3 

/• the age of the youngest is 6 years^ 

next ... 8 

oldest ... 10 

Pros. 2. I have exactly 5 times as many shillings as 
sovereigns, and altogether my money amounts to £8. 15*. 
How many have I of each ? 

Let X be the number of sovereigns, 

then 5x= shillings. 

Now X sovereigns = x times 20 shillings = QOx shillings, 

.*. 20a: + 5x, or 25ar, = all the money, in shillings. 

But £8. 15*. = 175 shillings, 

.-. 25a: = 175, 

175 
dividing, x = -— - = 7> the number of sovereigns, 

and 5ar = 5x7 = 35, the number of shillings. 

Prob. 3. I went to the bank with a cheque for 6 guineas 
and asked to have for it exactly the same number of sove- 
reigns, half-sovereigns, shillings, and sixpences. The banker 
was puzzled : what is the number ? 

Let X be the number required, 
then X sovereigns contain x times 20, or 20a:, shillings, 

X half-sovereigns x times 10, or 10a?, shillings, 

X shillings x shillings, 

X sixpences - shillings, 

6 guineas 6 times 21, or 126, shillings. 

Therefore, by the question, 

20a: + lOo: + j: + ^ = 126, 

2 

or 31a: + 1 = 126, 

multiply by 2, 62a: + a: = 252, 

63a: = 252, 



• • 
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252 
X = -^— = 4, the number required. 



63 

Verification. 4 sovereigns, 4 

4 half-sovereigns, 2 
4 shillings 4 

4 sixpences 2 

Total £6 6 



Prob. 4. What is the number of which the 3rd and 6th 
parts together make 15? 

Let X be the number required. 



X 

then ~ = its 3rd part. 



and ^ = its 6th 
6 



the sum of which parts, by the 
question, is equal to 15, 



that is, q "*■ ^ = ^ ^' 

multiply by 6, 2a? + a: = 90, 
combining, Sx = 90^ 

... ar = ^ = 30. 

This value is correct, •/ -^ = 10, -^- = 5, and 10 + 5 =; 15. 

Prob. 5. A certain garden contained three times as 
many gooseberry-trees as apple-trees. Afterwards four of 
each were cut down, and then there were four tiipes as 
many gooseberry-trees as apple-trees. How many were 
there of each at first ? 

Let X be the number of apple-trees at first, 
then 3a: = gooseberry-trees at first. 

Afterwards j; - 4 = number of apple-trees, 

and 3a? — 4 = gooseberry-trees, 

therefore, by the question, 

3a? — 4 = 4(a? — 4), 

or 3a; — 4 = 40? — 16, 

transposing, l6 - 4 = 4ar ~ Sx, 

.'. a: = 12, the number of apple-trees at first, 

and 3x = 36^ gooseberry-trees at first. 

[^Exercises P, 1 ... 16, p. 81.] 
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Pros. 6. The date of the accession of Geo. Ill is 
represented by 1 800 - 2ar, that of Geo. IV by 1 800 + ^ x 2j^, 
that of Will. IV by ISOO + ^xSx; and if Gbo. Illrd's 
reign be increased by 2x, it will amount to 100 years. What 
arjB the actual dates ? 

The length of Geo. Illrd's reign 

= 1800 + ^x2j:- (1800 -2jr), 

= 1800 + ii?-l800 + 2ar, 

= 3 jr. 

.*. by the question^ 3x + 2x = 100, 

,^ 100 ^^ 

or, 5a? = 100, .% x = — — = 20. 

5 

.*. accession of Geo. Ill is a.d. 1800 — 40, or 176O. 

Geo. IV 1800 + 20, or 1820. 

Will. IV 1800 + 30, or 1830. 

i Strictly speaking Geo. Ill did not reign full 60 years, having as- 
ed the throne, Oct, 25, 1760, and died Jan. 29, 1820.] 

Prob. 7. Divide 42 into 4 parts which shall be 4 con- 
secutive numbers. 

Let X be one part, 

then jj+l, a: + 2, x + S, are the other parts, 

and iP + (j; + 1) + (a? + 2) + (i + 3) = 42, by the question, 

combining, 4a? + 6 « 42, 

4j?«36, 

••. jr = 9; andx + l = 10, j: + 2 = ll, j: + S = 12; 

.*. 9» 10, 1 1, 12, are the required parts. 

Pros. 8. A man dies and leaves a widow, two sons, 
and three daughters; and in his will he orders that his 
personal property, amounting to £l700. shall be so divided, 
that the three daughters shall have as much as the two sons, 
and the widow as much as a son and a daughter together. 
What are their respective shares ? 

Let X be a son's share, 

then 2x = the whole fortune of the 3 daughters, 

2«r 
.'. — = a daughter's share, 

and a: + —- , or —- «= the widow's share ; 
3 3 
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5x 
hence 2a? + 2j: + — = 1700£., 

3 

5x 
4a? + — =1700, 

17ar 
^-1700, 

dividing by 17, t=»100, 

.•. j: = S00£., a son's share^ 

2x 

~ =5 200£., a daughter's share, 
•J 

5x 

-- =s500£., the widow's share. 
3 

Prob. 9. A pump which lifts 2 gallons of water at 
each stroke^ and makes 3 strokes in 2 minutes, is to be 
replaced by another which can make only 2 strokes in 3 
mmutes. What must be the discharge of the latter per 
stroke^ to do the same work ? 

Let X be the number of gallons per stroke of the latter, 

then 2x = gallons discharged in 3 minutes. 

Now the 1st pump discharges 6 gallons in 2 minutes, 
which is at the rate of 3 gallons per minute ; therefore in 
3 minutes the discharge would be 9 gallons. Hence^ by 
the question, 

2a? -9, 
.'. X = I = 4^, the number of gallons required. 

Prob. 10. A and B, living on the same road 4| miles 
apart^ set off from their homes at the same instant to meet 
each other^ walking at the rate of 5 miles, and 4 miles, per 
hour respectively. Where will they meet ? And how long 
after B might A set off, so as to meet exactly halfway ? 

1st. When they start together, let x be the number of 
miles A walks before they meet, then 4^-a: = 5's walk, in 
miles ; and the time is the same for both. 

„ ^ ., . number of miles x 

But As time = i i — -7 • 

number per hour 5 

and ^s ... 5= = -^1 — > 

4 
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.*, by the question^ - = -^- — , 

O "is 

multiply by 4 X 5, or 20, 4x = 22| - 5j?, 

9x = 22 J, 
__22t_ , 

• • J? — —TT — Ag"* 
•7 

Therefore ^ and B meet 2j miles from A's home^ and 
2 miles from B's, 

2nd. To meet exactly halfway; since A, walking at 

gi 

the rate of 5 miles per hour^ would take -^ hours ; and 

5 

£ -^ hours, walking 4 miles per hour ; it is obvious that 

A might set off 

gl 2l 

-- - — ^ hours after B^ 
4 5 

that is, 2j(^j- -j, or 2^x~, hours, 
^x60m2«. or 6fm£n. 



80 



Prob. 11. A miller has two kinds of wheat, one worth 
7 shillings, and the other 6 shillings, per bushel ; he wishes 
to make a mixture worth 6s, Sd, per bushel. How must 
he do it? 

Let X be the number of bushels of the former, (either 
whole or fractional), which added to one of the other, will 
make the mixture required. 

Then the value of these (x + 1) bushels will be (Jx + 6) 
shillings. But, by the question, it must be (^ + 1) times 
6s. 8d,, that is, (a? + l)x 6| shillings, 

/. 7J? + 6 = (a? + l)x6|, 

= 6a? + fjr + 6|, ••• 6| = 6 -f |, 

7a: - 6j? — fjr = 6| — 6, 

Therefore two bushels of the better sort added to one of the 
other will make the mixture required. 
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pROB. 12. A man and a boy undertake to dibble a 
field of beans^ the man being able to do the whole work 
himself in 5 days> and the boy in 7 days. How long will 
it take them working together ? 

Let X be the number of days required ; 

now, because the man can do the whole in 5 days, 

the man's work per day « J of the whole ; 

similarly, the boy's = ^ of the whole ; 

.•• the man's and boy's together = (^ + ^) of the whole 



12 
35 



But the man and boy together can do the whole in x days, 
therefore the man and boy together can do in one day - of 

X 

the whole; 

12 1 S5 .1 J 

.••35 = i> or^ = - = 2j,days. 

pROB. 13. Her Majesty, Queen Victoria, was born 
May 24, a.d. x, and Prince Albert was born Aug. 26, a.d. 
(jr + 1). Now their united ages at the present time, Aug. 26, 
1848, amount to three times the age of Prince Albert on 
the birth-day immediately preceding his marriage, which 
took place Feb. 10, 1840. What is the year of our Lord in 
which each was born ? 

Let jr, and x + 1, as stated in the question, be the years 
required, then, on the 26th Aug. 1 848, 

1848 — jp = age of the Queen, 

and 1848 - (jf + 1) = the Prince. 

Also, the age of the Prince on the birth-day preceding 
his marriage 

« 1839 -(« + !), 

therefore, by the question, 

1848 - ar + 1848 - (ar + 1) = 3 {1839 - (« + l)}> 
or, 1848-« + 1848-jr-l =5.517-3x-3. 

So? - 2ar = 55 1 7 - 3 + 1 - 1 848 - 1 848 ; 

r C"! q'\ 

-•. « = __ 3^500) = ^S^9' y®^^ ®^ Queen's birth, 
and jr + l«1820, Prince's ... 



76 PROBLESIS. 

Prob. l^. A cask is filled by means of 3 cocks, 
which would fill it singly in 5, 6, and 10 minutes. In 
what time will the cask be filled, when they all run 
together ? 

Let X be the number of minutes required* 

Now •/ one of the cocks will do the whole work in 5 

minutes, its work per min. is - of the whole. Similarly, the 

o 

work per min. of each of the others is ^ , and -— , of the 

whole. • And therefore the work of all three together per 

min. = I T + i? + — ;;: ) of the whole work, 
\5 o 10/ 

But X being the number of minutes in which all three 
will do the work, the work of the three per min. will be 

-- of the whole : 

X 

11 11 

•'• 5^6"^ 10~i' 

6-\-5-\-S U_ 1 

30 ' ^'' 30 "" JP * 

A ii? = —-.= --- =s 2 f mmutes. 
14 7 

Prob. 15. A person, being asked what o'clock it was, 
replied that it was between one and two, and that the hour 
and minute hands were together. What was the time of day ? 

At one o'clock it is obvious that the hour and minute 
hands are separated from each other by exactly 5 of the 
minute divisions. 

If then or be the number of minutes past one, at which 
the hour and minute hands are together, it is evident that 
in that time the minute hand has travelled over a space x, 
and the hour hand x — 5 in the same time. But we know 
that the minute hand always goes 12 times as fast as the 
hour hand, and will therefore pass over 12 times the space 
in the same time. 

Hence j? = 12(j? — 5), 
= 12x-60. 
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lljr = 60, 

that is, the hands are together at 5ninin. past one. 

Prob. 16. The distance from Manchester to Liver- 
pool by rail is 31^ miles; the express down-train leaves 
Manchester at 11.30 a.m. and arrives at Liverpool at 12.30; 
the up-train leaves Liverpool at 11.45 a.m. and arrives at 
Manchester at 12.35. Both trains perform the whole journey 
without stopping at any intermediate station ; supposing the 
speed of each to be uniform^ find where they will meet. 

Let X be the number of miles from Manchester to the 
place of meeting, 

then 31^ — ar= the number of miles from Liverpool to 
the place of meeting. 

Now since the down-train travels 31^ miles in 60 min., 
it travels the 60th part of that distance in 1 min., that is^ 

*-7^ miles. 
bO 

32 1 
Similarly, the up-train travels — ^ miles per min., 

therefore the number of minutes in which the down-train 

„ ., number of miles 31 i 

performs x miles = -. -, = j: -i- — - . 

^ number per mmute bO 

and the number of minutes in which the up-train per- 

^ 3ll 

forms 31^ — 0? miles = (31^ - a?) -r- — -^ , 

But the down-train starts 1 5 min. before the up-train ; 
.'. time of down-train for x miles « time of up-train for 



31^ "X miles + 15, 

SU -^r-T 31i 

^^*-^-6^=^^i-^^-50-'^^- 

60j? ^^ 50x ,^ 
^ = 50-^+15, 

60 + 50 ^^ 

i — . X = 05. 

3li ' 

o.i ^5 •, 13 63x13 ,„2- 
.^31ix— = 3lJx- = --^^.18g; 

therefore the trains will meet 18|^ miles from Manchester. 

[Exercises P, 17...25, p. 82.] 
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Prob. 17» Supposing (as is proved in Treatises on 
Mechanics) that the effect of a power or weight, acting at 
right angles to a straight lever, to turn it round its fulcrum, 
.is measured by that power or weight multiplied by its dis- 
tance from the fulcrum, find where the fulcrum must be 
placed to enable a man to move a bale of goods weighing 
552 lbs. by means of a lever 6 feet long, and exerting a 
power equal to 24 lbs. only. 

Let AB represent the lever, the a f b 

power being applied at B to raise '~^* ' 

the weight at A ; and supposing F the fulcrum, let AF^x ; 
then BF = 6 - a? feet ; and, by the question, 

559, X a? = the effect of the Weight on one side of the 
fulcrum ; 

and 24(6-ar) = the effect of the Power on the other side of 
the fulcrum. 

When these two effects, then, are equal, the lever is 
exactly balanced, in which case 

552a: = 24 (6 - x), 

= 144 — 24a:, 

or 576a? = 144, 

ft. in. 
144 1 12 ^. 

Hence, with the fulcrum at 3 in. from A, the power and 
weight are exactly poised; and it is obvious that by moving 
the fulcrum nearer to A than 3 inches, which diminishes 
the effect of the weight and increases that of the power, the 
power will get the mastery, and the weight will be raised. 

Prob. 18. If the 'Specific Gravity' of pure milk be 
1*03, and a certain mixture of milk and water be found, 
(by means of an instrument for the purpose) to be of Spe^ 
cific Gravity 1*02625, how much water has been added? 

[Definitiok. By the 'Specific Gravity* of a substance is meant the 
number of times which its weight is of an equal bulk of water. Thus 
the Specific Gravity of silver is 10*5, or 10^, which means that any 
quantity of silver is lOi times the weight of the same quantity, tn bulk^ 
of water. The SpecijCc Gravity of millc being 1*03 signifies that milk 

is 1y^(j- times as heavy 2A%cater ; and so on.] 

Let 1 quart of water be added to x quarts of pure milk 
to form the mixture ; then. 



PROBLEMS. 79 

••• weight of X quarts of pure milk 

= 1*03 times weight of or quarts of water^ 
= 1 'OS X j: X weight of 1 quart of water, 

.*. whole weight of water and milk 

= (1 + r03 X j:) X weight of 1 quart of water. 

But there are 1 + x quarts of the mixture of specific 
gravity 1*02625, 

.•. whole weight of this 

= 1*02625 X 1 + or X weight of 1 quart of water, 
.-. 1 + 1-03 xa?= 1-02625(1 +;»), 
(1*03 - 1*02625) j: = 1-02625 - 1, 
•00375jr = -02625, 
-02625 
•'• "^ " -00375 "" ^• 

Hence it appears, that one quart of water is added to 
7 quarts of milk; consequently one-eighth of the mixture is 
water. 

Prob. 19» a person observes the discharge of a gun at 
a distance, and hears the report exactly 10^ seconds after- 
wards. Assuming that light travels at the rate of 1920OO 
miles, and sound 1090 feet, per second, what is the distance 
between him and the gun ? 

Let X be the required distance in miles , 
then the number of seconds in which the light travels to 

the ^^server = — — — ; and v x miles = 3xl760xj: feet, 

the number of seconds in which the sound travels to the 
3x1760xj: 



observer 



1090 



1 .1. ^- 3xl760xjr X ^. 

. .. by the question, -^^-^- - ^^^^ = lOj, 

3x176x192000-109 
'''' 109x192000 -'-^Oi, 

_ 109x192000x10^ 



3x176x192000-109* 
219744000 



101375891 



2 1 miles nearly. 
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Prob. 20. The Specific Gravity of gold is ipj, and of 
silver 1 0^ : a goldsmitn offers a mass of ;|; of a cubic foot^ 
which he asserts to be gold^ and which is found to weigh 
260 lbs. 1st. Can it be all gold? 2nd. May it be adul- 
terated with silver ? 3rd. If the latter, what is the' pro- 
portion of silver to gold.^ (From De Morgan's Algebra,) 

f N. B. A Cubic foot of water weighs 1009 ounces avoirdupois.] 

1. Since a cubic foot of water weighs 1000 oz, and gold 
is 19} times as heavy as water, a cubic foot of gold weighs 
19^x1000, or 19250 oz.; and ^ of a cubic foot will be 
4812^ oz. or 300 lbs. 12^ oz., therefore the mass is not all gold. 

2. Since a cubic foot of silver weighs 10^x1000, or 
10500 oz., and ^ of a cubic foot will be 2625 oz., or l64 lbs. 
1 oz., therefore the mass is heavier than its bulk of silver, 
and lighter than its bulk of gold, and consequently may be 
a mixture of the two. 

3. In this case, let - of a cubic foot be the quantity of 

gold ; then is the silver ; and is the weight of 

the gold, and 10500(7 j the weight of the silver, in 

ounces. But the whole weight is 260 lbs., or 41 60 oz. 

,.19?£2,. 10500 (1-1) = 4,60, 
0! \4 x/ 

or 19250 + 2625* -10500 = 41 60x, 

41 60a? - 2625* = 19250 - 10500, 

1535jr = 8750, 



• • 



8750 1750 175 35 , 

X = = «= • or -TT • nearlv. 

1535 307 SO ' 6 ' ^ 



,\ - = --- nearly, the quantity of gold, in fractions of a 
X 35 

cubic foot, 

1116 11 



4 a; 4 35 140 



, the quantity of silver. 



6 24 
Hence, •.• -- = — , if a cubic foot be divided into 140 
35 140 

equal parts, in the proposed mass there are 24 such parts of 

gold, and 1 1 of silver. 
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EXERCISES. P. 

1 . What number is that which added to its half makes 
24.? 

2. What number is that which increased by two- thirds 
of itself becomes 20 .? 

3. What number is that of which the half exceeds the 
third part by 3 ? 

4. What number is that of which the fourth part ex- 
ceeds the fifth part by 3 ? 

5. There is a certain number which, upon being di- 
minished by 6, and the remainder multiplied by 6, pro- 
duces the same result as if it were diminished by 4, and the 
remainder multiplied by 4. What is the number ? 

6. Divide 40 into two such parts, that one- tenth of the 
smaller part taken from one fifth of the greater will leave 
5 for a remainder. 

7. Divide 25 into two such parts that one shall be 
three-fourths of the other. 

8. Find two numbers which produce the same result, 
7, whether the one be subtracted from the other, or the 
latter be divided by the former. 

9. Divide £l. among 4 children so that the oldest shall 
have Is, more than the second, the second 1^. more than the 
third, and the third 1^. more than the youngest. 

10. Divide a line 33 feet long into 4 parts, the second 
of which is li feet greater than the first, the third 2^ feet 
greater than the second, and the fourth 3^ feet greater than 
the third. 

11. A banker was asked to pay £lO. in sovereigns, 
and half-crowns, and so that the number of the latter should 
be exactly twice that of the former. How must he do it? 

12. Thirteen shillings is the sum of exactly the same 
number of shillings, sixpences, pence, and halfpence. What 
is the number? 

13. I have exactly 5 times as many shillings as half- 
crowns; and altogether my money amounts to £3. How 
many have I of each coin ? 

14. A father is 4 times as old as his son ; but 3 years 
ago he was 7 times as. old as the son. What is the age of each ? 

15. The ages of two brothers, who differ only by a 
single year, when added together amount to the age of their 
father; and if the father's age be increased by one- fourth of 
that of the elder brother, it will amount to four-score years. 
What is the age of each ? 

6 



82 PROBLEMS* 

16. The ages of a man and his wife together amount to 
^0 years^ and 20 years ago the woman was exactly two-thirds 
the age of the man. What is the age of each? 

*17* Thei'e is a certain fraction whose denominator is 
greater than its numerator by 1; and if 1 be taken from 
the numerator and added to the denominator, the fraction 
becomes equal to ^. What is the fraction? 

18. A certain fraction has its numerator less than its 
denominator by 2, and if 1 be taken from the numerator^ 
and the numerator be added to the denominator to form a 
new denominator^ the resulting fraction is equal to \. What 
is the fraction ? 

19. A boy being asked to divide one half of a certain 
number by 4> and the other half by 6, and to add together 
the quotients, attempted to obtain tne required result at one 
step by dividing the whole number by 5; but his answer 
was too small by 2. What was the number ? 

20. Find the time between 12 and 1 o'clock when the 
hour and minute hands of a clock point exactly in opposite 
directions. 

21. A person, being asked what o'clock it was^ answered 
that it^as between 5 and ()> and that the hour and minute 
hands were together. Required the time of day. 

22. A servant is despatched on an errand to a town 
8 miles off, and walks at the rate of 4 miles an hour : ten 
minutes afterwards another is sent to fetch him back, walk- 
ing 4^ miles per hour. How far from the town will the 
latter overtake the former ? 

23. A student has just an hour and a half for exercise. 
He starts off on a coach which travels 10 miles an hour, and 
after a time he dismounts, and walks home at the rate of 
4 miles an hour. What is the greatest distance he can travel 
by the coach, so as to keep within his time ? 

24. A cistern which holds 820 gallons is filled in 20 
minutes by 3 pipes, one of which conveys 10 gallons more, 
and another 5 gallons less, per minute, than the third. Hovr 
much flows through each pipe per minute ? 

25. A man and a boy engaged to draw a field of turnips 
for 2 If. but when two-fitths of the work was done, the boy 
ran away, and the man then finished it alone. The conse- 
quence was that the work occupied 1^ days more than it 
should have done. Now the boy could do only half a man's 
work, and is paid in proportion. What did each receive 
per day? 



SIMPLE EQUATIONS OF TWO UNKNOWN 

QUANTITIES. 

55, If a single equation contain two unknown quantities^ 
X and y, as 2ar+ Sy = 20, then, transposing, 2d:=20-3y, aiid, 

dividing, .r= 10 — -^; but since this gives the value of one 

unknown quantity only in terms of the other, which is itself 
unknown^ it furnishes no actual solution of the equation. 
Now, if besides 2x + 3y = 20, there is given also another 
equation, as 3j; + 2^»25, which holds true for the same 
values of x and y which belong to the former one, then 
from this we get 

. 25 2v 
3ar«25-2j^, and « = -J- J-; 

so that we have, from the two equations, *.* x has the same 
value in both by supposition, 

Sv 25 2v ' . /. 

10--^ = ---— ~, an equation of one 

SS O d 

unknown quantity, 

multiply by 6, 60 - 9^ = 50 - 4y, 



60-50«9y-.4y, 



10 



10 = 5^; /.^^^-y «2. 



Also, from 1st equation, 



*=10-f -10-^ = 7, (v5iy«6). 



-f s=10-- = 
2 

Hence the Solution of 

2j: + Sy = 20, ) * is x = 7^ 1 which upon trial is 
and 3ar + 2^ = 25, J y =« 2, J found to verify. 

This method of eliminating^ as it is called, one of the 
unknown quantities, and so reducing the two equations to 
one of one unknown quantity, is sufficient for the soluticMi 
of any pair of equations of the above form which hold true 

* When Eqaations are bracketed in this way it is meant that they hold 
true for the same values of the unknown quantities. They are sometimes 
called Simultaneout Equations. 

6—2 
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for the same values of x and y. But there are other methods 
of eliminating one of the unknown quantities^ which are less 
troublesome; thus^ 

and 2^ - 3^ = 8 J ^" *" ^^^"'^ equations, 
adding the equal quantities together, we have 

4 

12 
Subtracting, 6y = 12, .•. ^ e= -^ « g. 

(2) Again, if 2ar+ v= l6,) , .t. . 

and 3^ + 2i^ = 25, | ^^ *" ^^^^^ equations, 

multiplying the Ist equation by 2, we have 



4ar + 2y = 32, 
and from 2nd equation, 3j: + 2^ = 25 



:} 



subtracting, ar=»7. A1so^=16-2j? (from 1st equation) 
«16-14«2. 

(3) Or, again, if 2ar + 3y = 20, ) , , . 

and 3x + 2J, = 25, | ^' '^' ^^^"^ equations, 

multiply 1st equation by 2, 4ix + 6tf= 4X>, 



2nd by 3, 9«+6y 



= «),■» 
= 75j 



35 
Subtracting, 5x — S5, ••.« = — = 7- 

Also, from 2nd equation, 

4 
25r = 25 - So? = 25 - 21 = 4, .•. ^ = - = 2. 

The methods here employed may obviously be applied 
to all other like cases, where two distinct equations are given, 
either in the above form, or capable by previous rules of 
being reduced to that form : — ^the gener^ object being so to 
frame one equation outof the two, that one of the unknown 
quantities shall be made to disappear. The most usual 
method is that employed in the last case ; and the rule is— ^ 

Mark which of the unknown quantities has the least 
coefficients, (so as to make the easiest multipliers), and sup- 
posing it to be ^, multiply the 1st equation by the coefficient 
of ^ in the 2nd, and the 2nd equation by the coefficient of ^ 
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in the 1st Then the two resulting equations will be such 
that either by adding them together, or subtracting one 
from the other (it will easily be seen which), y will disappear 
altogether, and leave a simple equation of one unknown 
quantity, x\ or vice versd, ifx be made to disappear. 

Ex. 1. If 2j? + I6y = 48, \ 

Multiply 1st equation by 5, and the 2nd by 2, then 

10x4- 80^ = 240, 1 
and 10j:-26y = 134, / 
Subtracting, 106y = 106, 

.-. 5( = 1. 
Also 2ar = 48-l6y = 48-l6=-32, 

.*. X = 16. 
That these are the correct values will thus appear : — 
2j? + l6j^ = 2xl6+l6xl =32+ 16:=48, 
and 5j?-13y = 5xl6-13xl = 80- 13 = 67. 



Ex.2. U7x-8y= 3,) ^^^ ^ ^^ 

and lSjr + 5y=85,J ^ 



and 13jr + 5^ 

Here the coefficients of y are the smaller, .•. multiply 
the Ist equation by 5, the coefficient of y in 2nd equation, 
and the 2nd by 8, the coefficient of y in 1st equation, and 
we have 

from the 1st, S5x ~ 40^ = 15, ) 

2nd, 104j? + 40^ = 680,J 

adding, 139x^^695, 

••• ^-T39° 

Also, from 1st equation, 8^ = 7^? — 3 = 35 - 3 « 32, 

32 , 

That these are the correct values will easily appear on 
trial: for 7^^ = 35, and 8^-32, .•. 7^?- 8^ = 35 -32 = 3. 
Also 13« = 65, and 5^ = 20, .-. 13jr+5y = 65 + 20 = 85. 

[^Exercises Q, 1 ... 15, p. 86.] 
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There are some cases, however, in which the preceding 
Rule should not be strictly applied^ especially if the itume- 
rical quantities in the equations are large. For example, 

Ex.1, If l6ar + 23v = 94,) £ , , 

jt ^A n^ ,« r find a? and V. 
• and 14a?- 12^= 18, J ^ 

Here 112 is the Least Com, Mult, of l6 and 14, and it 
contains the former 7 times and the latter 8 times; .*. multi- 
plying the 1st equation by 7, and the 2nd by 8, we have 

112a: +161^ = 658, 1 

112a?- 96y«144,/ 

Subtracting, 257y = 514, 

514 ^ 
••. V = — -= 2, 
^ 257 

Also 14ar = 12j^+18 = 24 + 18=42, 

42 „ 
.% a?«— -«3. 
14 

Ex.2. If 5405- 12ly = 15,1 ^ -i j 

and 36^- 77^ = 21,)^^^'*^^^- 

Here 2l6 is the l. cm. of 54 and S6^ and it contains the 
former 4 times and the latter 6 times ; .*• multiplying the 
1st equation by 4, and the 2nd by 6, we have 

2l6ar-484j^= 60,) 
2l6ar-462y = 126,J 
Subtracting, 22y = Q6^ 

• V-^-3 

Also 36a: = 21 + 77.y = 21 + 231 =252, 

_252_ 

[|£j:erciVe^ Q, 16...20.] 

EXERCISES. Q. 
Find the values of j? and y in the following equations: — > 
(1) X 



2a: 



-^ = 19 J 



(2) 4a:-7.y = 26,| 
4* + 5^ = 50, J 



(3) 5a: + y = 32,| 
Sa:- 2^ = 14,/ 

(4) 3x-7y = 2, 1 
11^ ^ 3a: « 2, J 
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(5) 
(6) 
(7) 

(8) 

(9) 

(10) 

(") 
(12) 



3x 
15* 



-2^ = 11,/ 

ISx -6y = 31, \ 
lljr-3> = 47.J 

-6y = 10,l 

-7y= 3,/ 



7«-6y = 
6a 



+ Stf = 76,\ 



35x 

5x + 2y = l6,\ 
9^ + 2x=3lJ 

liar- 7y = 72, 1 
7x-lly= 0, J 

S6x- 45^= 0,\ 
2x+ 5y = li,j 

9x 

7x 



+ 5y = 65, \ 
-2i.^=25j 



(13) 

(14) 
(15) 

(16) 

(17) 
(18) 

(19) 
(20) 



l5x-y=143,]. 
+ x=255,/ 



S5j^ 

llx 
20x-19^ 

45x + 8y 
21y-13x=132 



llx-13y=l6, ) 
= 43,/ 



45x+ 8» = 350, ) 



101ar-24y=63,1 
103ar-28j^ = 29, J 

64^+ 90y = 237,1 
63ar- 21 8^=; 80, J - 

3^.x-4^.y=12,) . 

7j?+ 9!y = 60,/ 

2i.x+5j.^=: 48,) 
4i.jr + lOy = 126, / 

^ar- iy = 2. f 



56, When the equations are not given in the form of 
the foregoing examples, they must be reduced to that form 
by the rules before employed. Thus, 



Ex. 1. If 2(x + v) = S(a?-v)+ 10,1 ^ , , 

1 \ w^ N « f find X and y. 

and 2^-^ = 4(2^-a?) + 3, J ^ 

§ 

From 1 St equation, 2x + 2y =3x- Sy + 10, 

or 5y-j:=10, 

From 2nd equation, 2* — ^ = 8^ — 4ar + 3, 

or 64:-9y = 3« 

or 2jr — 3^ss» 1 

The reduced equations, then, are 5y — j?= 10 

and 2* -3^ 
Multiply (1) by 2, lOy - 2jr = 20, 1 



0) 



(2) 



;ri 



but from (2) 2a? 

21 
adding, 7y = 21, •••5^ = y 

Also, from (1), x = 5y- 10= 15- 10^ 5. 
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and + I — -^ , 

5 10 * 



find X and i/. 



To clear of fractions^ 
multiply 1st equation by 6, 4r - 2y + S6 = 6j^- So? + 27, 

transposing^ 4r + 3a? - 2^ — 6y = 27 - S6, 

combining^ 7« — 8y*-9 (1) 

Multiply 2nd equation by 10, 6ar + 2^ + 10 = 3y + jr+ 13, 
transposing and combining, 5x — y = S (2) 

The two reduced equations, then, are 

7J?-8j^ = -9,l 
and 5x — ^ =» 3, J 

Multiply the latter by 8, 40ar - By = 24, ) 
and from (1), Ix - 8y = -9,j 
subtracting, SSx = 33, 

% • X ^ 1 • 

Also, from (2), ^«5a?-3 = 5-3 = 2. 

Ex. 3. If — ^-^ + 3 = — — ^ , I 

> find X and v* 

4 2 3' -^ 
To clear of fractions. 

Multiply 1 st equation by 10, 1 5ar - Q5y + 30 = 4d: + 2^, 

transposing and combining, 1 1* — 27^ = — 30 (I ) 

Multiply 2nd equation by 12, 96 -- Sx -{- 6y ^ 6x ■¥ 4^, 

transposing and combining, 96 = 9^7 - 2^ (2) 

Multiply (1) by 9, 99* •" 243^ = - 270, ) 

(2) by 11, QQx- 22j^=1056, j 

subtracting, 22 ly = 1 326, 

1326 ^ 

^ 221 

Also, from (2), 9* = 96 + 2^ = 96 + 12 = 108, 



* * 
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EXERCISES. R. 

Find the values of x and y in each of the following 
equations : — 



4(3a?-2y)-5(ar-j()+llJ 



(2) Sjr + | = 36, 



6y — 2j: 



4 



8, 



(3) 


3*-2y , 9x-y 
2 ^° 4 ' 




5«-4v „ 4a;- Sy 
2^3 


(5) 


« + 3 1 

y ~3' 




' _1 



y-l 5' 



(7) |+f^ = 26. 

?-?^ =46, 

2 7 ' 



,^. Zx-S 

(*) — 2~+^ = 7' 

5x-13^ = 33j, 

(8) i(' + i') = K2* + 4).l 
K*-y) = i(*-24), J 



(9) K* + 2)+Ki'-*) = 2x-8, ) 

^(2^ - 3j;) + i(8x + 6y - 4) = 3j; + 4, / 

(10) ^{Sx-lt,-)^\{iix+y+\)\ 



(11) 



jf-2 10-« y-10 
5 S~° 4 ' 

2y + 4 2x + « «+13 



3 



8 



('l9^ 2*+^.7y + 6* + n_ ,_5«-i7 
(12) -g-+ jg -94 g , 

•f(5*+3y + 2)=i(9ir + 6). 



PEOBLEMS 

: DEPENDING UPON THE SOLUTION OP SIMPLE EQUATIONS OP TWO 

UNKNOWN QUANTITIES. 

pROB. 1. The sum of two numbers is 26, and, if the 
half of the ^eater of them be added to the third part of 
the other, the sum of these parts is 11. What are the 
numbers ? 

Let X and y be the numbers required, then, by the 
question x +^ = 26. 

Also - = the half of one, and ^ = the third part of the 

X ti 

other, .'. by the question, - +^ = 11. 

» 

Thus, then, the problem is reduced to finding x and y 
from these two equations, 



ar + ^ = 26,| 



2 3 

Multiply the 2nd by 6, 3j: + 2y = 66, 1 
1st by 2, 2jr + 2y-52, J 

subtracting, xai4. 

Also y = 26-ar-26-14 = 12. 

•*. the numbers required are 14 and 12. 

These values are correct, ••• 14 + 12 = 26, 

I 14 12 ^ , ,, 
and — -+--- = 7 + 4«ll. 
2 3 

Note. It is not absolutely necessary to have itvo un- 
known quantities, x and ^, here. The Problem may also be 
solved as follows : — 

Let X be the greater of the two numbers, 

then 26 - jt is the other, by the question, 

.*. - is the half of the greater. 
2 
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and the third part of the other, 

and- + — - — = 11, by the question, which is a simple 
equation of one unknown quantity. 

Multiply by 6, Sx-hS^-^x^ 66^ 

•'. x^66^52 -= 14, one of the numbers ; 
and ^6 - Jp = 26 - 14 = 12, the other. 

pROB. 2. I have as many shillings, and pennies, as 
together make £l. 5.9. Od,y and if the pennies were shillings 
and the shillings pennies, then I should have only 14^. 
. How many have I of each ? 

Let X be the number of shillings, 
y pennies, 

then X shillings » 1 2j: pence, 
£l. 5s, = 300 pence, 
/. 12x + f/ = 300, by the question, (1). 

Again, ^ shillings = 12y pence, 

14*.= l6S pence, 
4% 12^ + j: = l68, by the question. 

From (1) 144a? + 12^ = 3600, 
.'. subtracting, 143j: = 3432, 

3432 
.*. X = = 24, the number of shillings, 

and v = 300- 12x=: 3001 ,^ . i /• 

^ r = 12, the number of pennies. 

pROB. 3. Seven years ago a father was 4 times as old 
as his son, but in seven years more he will be only twice 
as old. What is the age of each ? 

Let X be the son's age/* 
y the father's age, 
then X — 7 = son's age 7 years ago, 

^ — 7 — father's 

x + 7 = son's age in 7 years more, 
^ + 7 = father*8 
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.*. by the question^ 

^- 7 = 4(j?- 7)> \ from which equations it 
and ^ + 7 «= 2(jr + 7), J remains to find x and y, 

or ^ - 7 = 4j? - 28, '^ 

^+ 7-2j:+ 14, J 

subtracting, - 14 = 2ar — 42, 

/. 2jr-42-14 = 28, 

28 
••. a? = -r-= 1*> t^e son's age, 
2 

and ^ = 7 + 4 (a: -7) = 7 + 28 = 35, the father's age, 

pROB. 4. 1 have in my purse a sum of money consisting 
of sovereigns and half-crowns : If I had twice as many 
sovereigns and half as many half-crowns, I should have 
£20. 10^.; but if I had half as many sovereigns, and twice 
as many half-crowns, I should have only £7. What is the 
number of each coin ? 

Let X be the number of sovereigns, 

and^ half-crowns. 

Then ••• 9.x sovereigns « 20 x2a: shillings == 40^ shillings, 

and ~ half-crowns = 2Ax2 = -^ 

2 ^2 4 

and £20. \0s. » 410 shillings, 
.'. by the question, 40a: + -^ = 410, 

or dividing by 5, 8ar +*2 = 82, 

or 32ar+^ = 328 (l). 

Again, - sovereigns = 20 x-, or IOj? shillings, 

and 2^ half-crowns = 2^x2^, or 5y shillings, 

• •. by the question, 1 Oaj+ 5y = 1 40, 

or 2jr+j(= 28,^ . . 

but from (1) S2a? +^ = 328, J ! ^ ^* 

•*• subtracting, SOx = 300; 

••. X = -^ «1 Ojthe number of sovereigns. 
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Also from (2) ^ » 28 - 2ar = 28 - 20 = 8, the number of 
half-crowns. 

Pros. 5. An orange- woman bought oranges, and after- 
wards forgot the price ; but she recollected, that she paid 
for them in shillings and halfpence — ^that the number of 
each coin was the same — and that she had as many dozens 
of oranges as the number of shillings and halfpence taken 
together. What was the price per dozen ? 

Let X be the price per doz. in pence, 

y the number of shillings paid, and also the number of half- 
pence, 

then 2y s= number of dozens of oranges, by the question, 

and 2y X J? or 2j^ == cost of all the oranges, in pence^ 

but the cost of the whole is j^ shillings + if halfpence, 

y 
or 12^+^ pence, 

/. 12xy = 12j( + |, 

24? = 12 + ^, dividing by ^, which is in every term, 
.\ J? = 6 + ^, or 6^^., the price per doz. required. 

In this solution two unknown quantities have been 
employed, but one only being required, and the Problem 
not furnishing a second equation, tne other disappeared by 
division. It may serve to shew the convenience of sometimes 
using two unknown quantities to obtahi the value of one only. 

Another method of solution is as follows, assuming x to 
represent, not the number required ^ but the number of each 
coin paid for the oranges ; then 

the fvhole cost of the oranges «= x shillings + x halfpence, 

= 12a? + - pence, 

and the number of dozens ... =^ + jr, or 2^, by the question, 

, whole cost 

**. price per dozen ... = r n-3 9 - 

^ ^ number of dozens 

12* +f 
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Prob. 6. A certain fraction becomes 1, if 1 be added to 

its numerator; but if 2 be added to its denominator^ it 

becomes ^. Find the fraction. 

jj 
Let - be the fraction required ; then^ adding 1 to the 

numerator, the fraction becomes , 

y 

/. by the question. = 1 ; 

or, multiplying by ^, a? + 1 =^, (1). 

X 1 
Also, by the question, = - , .*. 2jr =^ + 2, ...(2), 

y "^ ^ ^ 

But from (1), ^ = ar + l, .«. 2« = x + l +2, .'. j?s=3. 

X 3 
And ^ = J? + 1, .*. ^ = 4, /.-«-, the fraction required. 

y * 

Prob. 7* There is a certain number composed of two 
figures or digits, ivhich is equal to four times the sum of 
its digits; and if the digits exchange places the number 
thus formed is less by 12 than twice the former number. 
What is the number ? 

Let X be the digit in the tens' place, 

y units' ... 

then 10a: +^ is the number, (just as 23 = 10x2 + 3,) .•. by 
the question, 

10j: + y = 4(j:+^), 

= 4a: + 4^, 

lOd? — 4jr = 4y~y, 

6x s= S^, 

2*=^ (1). 

Again, if the digits be reversed, 10^ + x will be the 
number, .•. by the question, 

10^ + or - 2(10j: +^) - 12, 

= 20.r + 2^ - 12, 
19a: -8^ = 12, 
19a: + 16a: = 1 2, •.' ^ = 2a:, from (1 ), 
3a: = 12, 
.*. a? = 4; and^ = 2x = 8. 
.*. the number required is 48. 
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pROB. 8. Iron, worth £lO. in its raw state> iis manu- 
factured half into knife-blades and half into razors, and is 
then worth £444. But if one-third of it had been made 
into razors and the rest into knife-blades, the produce 
would have been worth £30. more than in the former case. 
How much is the value of the original material increased 
by these respective manufactures ? 

Let £l. in raw iron become x£. in knife-blades, 
and • i/£. . . .razors ; 

then, *.* £5. in raw iron is made into knife-blades^ and £5. 
also into razors, by the question^ 

5x + 5^ = 444 (l) 

Again, on second supposition^ ^ of 10£. in raw iron, 

that is^ '-^£" IS made into razors; and | of 10£., that is^ 

o 

^ £. is made into knife-blades ; .'. by the question^ 

20 10 ^,, ^^ 
yJf + yi( = 444 + 30, 

or 20* + 10^ = 1422 (2) 

Now from (1) lOo? + 10^ = 888, 
subtracting from (2), 10 s 534, 



* • 



534 
.-. 0?=— -=5S| = £53. 8*. 

Also from (1), 5^ = 444 -5x- 444 - 26? = 177, 

177 
.-. v = -^ = 35| = £35.8j. 
5 

Hence, every pound's worth of raw iron is increased in 
value to £53, Ss, if made into knife-blades ; and to £35, Ss. 
if made into razors. 

EXERCISES. S. 

1. Says Charles to William, If you give me 10 of your 
marbles, I shall then have just twice as many as you : but 
says William to Charles, If you give me 10 of yours, I shall 
then have three times as many as you. How many had 
each? 

2. A man, who has two purses containing money, re- 
ceives £10. to add to them, and finds that if he puts £5. 
into each, one will then contain exactly twice as much as 
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the other, but if he pots the whole £lO. into that which 
already contains the most, its contents will be just three 
times the value of the other. How much was there in each 
purse to begin with ? 

3. A party consists of men and women, and there are 
6 men to every 5 women ; but if there had been 2 men less 
and 2 women more, the number of each would have been 
the same. How many are there ? 

4. A clergyman, who had a dole of £5. 10^. to dis- 
tribute amongst a certain number of old men and widows, 
found that, if he gave them Ss. each, be would be Is. out of 
pocket ; but, if he gave each of the men 9,s, 2d, and each of 
the widows 3s. 6d., he would have 6d. to spare. How many 
were there of each ? 

5. There is a certain fraction which becomes equal to ^, 
when both numerator and denominator are diminished by 1 ; 
but, if 2 be taken from the numerator and added to the de- 
nominator, it becomes equal to J. What is the fraction ? 

6. What is the fraction in which twice the sum of the 
numerator and denominator is equal to three times their 
difference ? 

7. Find two numbers such that one shall be as much 
above 10, as the other is below it, and one-tenth of their 
sum equal to one-fourth of their difference. 

8. Find two numbers such that the half of one added 
to a third of the other is 12, but a third of the former added 
to half the other is IS. 

9. A person has two casks with a certain quantity of 
wine in each. He draws out of the first into the second as 
much as there was in the second to begin with : then he 
draws out of the second into the first as much as was left in 
the first : and then again out of the first into the second as 
much as was left in the second. There are then exactly 
8 gallons in each cask. How much was there in each at first? 

10. In the course of last century the change took place, 
called ' ike change of Style ^ which consisted in beginning the 
year with Jan. 1, instead of March 25, as heretofore, and 
for that year only, calling the day after Sep. 2, the 14*^ in- 
stead of the S"^. Now the year of our Lord in which this 
happened, possesses the following properties: — The first 
digit being 1 for thousands, the second is the sum of the 
third and fourth, the third is the third part of the sum of all 
four, and the fourth is the fourth part of the sum of the first 
two. Determine the year. 



INVOLUTION AND EVOLUTION. 

57* Dbf. a quantity multiplied by itself pnce, or suc- 
cessively more than once, is said to be inwdvcd^ or raised 
to a certain power; and the power to which it is raised is 
marked by the number of times the quantity occurs as a 
Jactor in the multiplication. 

Thus a X a, or a% expresses that a is raised to the Snd 
power y because a occurs twice as a factor ; and so on. See 

Art 9. 

Involution^ therefore, differs not in reality from MuUl' 
plication, and requires no rules different from those already 
given. 

It may, however, be worth while to observe here the 
particular results in certain cases, when Multiplicand and 
Multiplier, as in Involution, are both alike. Thus, 

1st. Any simple quantity, of one letter, as a, is raised 
to the 2nd power, or squared, by doubling its index. For 
example, 

a, or a\ squared is a*, 

a' a*, V a'xa« = a*^'«a*, (Art. 24.) 



a* a*, V a*xa*«fl*** = a*. 



and so on. 

2nd. Any product^ or quantity of two factors, as ab, is 
raised to the 2nd power, or squared, by squaring each factor 
separately, and taking the product of those results. For 
example, 

ab squared is aV, %• abxab =^ abab ^aabb (Art. 5)^a'b*; 

i^b a*l^, \' a'b X a*b=a*ba*b^a*a*bb = a*b* ; 

(U^ a*b\ %• aV X ab'^ab'ab'^aab'b' = a*b* ; 

and so on. 

Similarly, 3x^ squared = Sxy x Sxy = Sy.Sxxyy « Qs^y* ; 

Qabc squared » 40*6 V ; squaring each factor 
separately, whatever be the number of them. 

3rd. Any fraction, as 7, is squared by squaring the 
numerator and denominator separately. For example, 

7 
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«' fi a aa , . ^ ,^^ a* 



, , and so on, whatever the fraction be. 



J squared is p , v jx^ = jj (Art. 40) = j; ; 
ab a'b* ab ah abxab ., a'b^ 

% W 

[^Exercises T, l...n, p. 99.] 

4th. Any quantity of two terms, both positive, tta a-hb, is 
squared by squaring each term separately, and adding to 
the sum of these twice the product of the two terms. For 

a + 6 squared is a^ + b^-h 2ab, See Art 2S, Ex. 4, 

that is, the square of a + the square of 6 + twice the product 
of a and b. 

5th. Any quantity of two terms^ oixe of which is negative, 
as a — 6^ is squared by squaring each term separately, and 
subtracting from the sum of these twice the product of the 
two terms. For 



a — i squared is a' + b*—^ab, See Art, 28, Ex. 5. 

This case comes under the same rule as the preceding 
one, if the quantities are taken along with their proper signs. 

Ex. 1. (l+J?)*=l* + ar* + 2xlxar = l + ar' + 2ar. 

Ex. 2. (l-jr)*=l' + a:*-2xlxj; = i+*»-2dP. 

Ex. 3. (2 + ar)'=2' + a?' + 2x2x4P=4 + a?'+4x. 

Ex. 4. (2x -^y = (2ar)' + y - 2 x2j: x^ = 4x'+i^*- ^xy. 

Ex. 5. (2a+S5)*« (2a)*+ (S6)»+ 2x2axS6=:4a"+96*+12a6. 

Ex.6. (aJ--l)*= («&)•+!•- 2 xfl6xl=a'*6Vl-2a6. 

[;£j:ercwe^ T, 12... 24, p. 99.] 

^ The last two Rules may be used with effect some- 
times in Mental Arithmetic^ as it is called, which means 
Arithmetic worked in the mind and memory, without 
writing. Thus suppose the square of 25 be required,' 

since 25=20 + 5, 

.'. square of 25 = square of 20 + 5, 

ss square of 20 + square of 5 + twice product 
of 20 and 5, 

= 400 + 25 + 200, 

= 625, 
all which may be readily done in the mind without writing. 
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Again, the square of 15 = the Square of 10 + 5, 

= 10»4- 5'+ 2x5x10, 
= 100 + 25 + 100, 
= 225. 

The use of this method^ however, will be best seen in 
larger numbers: thus, required the square of 4^99; since 
499 = 500-1, ' 

.-. square of 4199 «= square of 500 — 1, 

= square of 500 + square of 1 — 2x500x1, 

= 250,000 + 1 - 1,000, 

= 249,000 + 1, 

= 249,001, 

all which may be readily done in the mind without actual 
writing. 

59. It is to be observed that a quantity of one term 
squared is still of one term ; and a quantity of two terms 
squared produces a quantity of three terms. Hence no 
quantity of two terms can have been produced by squaring, 
that is, can be a complete square. 

It should also not be forgotten, that, although the square 
of ax 6 is a*x6*, the square of a + b is not a*+A', but 
a' + ^ + 2aZ», a and b representing any quantities whatever. 

EXERCISES. T. 
Square each of the following quantities : — 



(1) 

(2) 

(8) 
(4) 

(5) 
(6) ^" 

(7) 

(8) 



5aM* 
boxy, 
-lab^ 
a^bc* 
- 7fl*Ac». 

ab 
c 

Sax 
2by' 

2c" 



(9) 
00) 

(11) 

(12) 
(IS) 
(14) 
(15) 
(16) 



4g'6 

4 
5?5?' 



a + 1. 
o6+l. 
x + 3. 

2-y. 
2m -n. 



(17) 


2* - Sy. 


(18) 


x-S. 
* 2* 


(19) 


3 


(20) 


mx + n. 


(21) 


^mx—n. 


(22) 


abx + c. 


(23) 


Sxy — a. 


(24) 


\ab + c. 



7-« 
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60. Evolution is precisely the reverse operation to 
Involution, We have to evolve^ or extract^ the quantity called 
the root^ by the involution of which the proposed quantity is 
produced. Thus^ to evolve^ or extract^ the square root of 25, 
IS to find the number which being squared produces 25; 
that is, 5. Hence the square root of a* is a, because a is the 
quantity which being squared produces a*; and so on. 

61. To extract the square root of a simple quantity, of 
one letter, as a, we must halve its index. Thus, 

the square root of a^ is a^ or a> %* a x a » a', 
the square root of a* is a*, •.• a^xa*ss a* ; 

and so on. 

62. To extract the square root of any product^ of two 
factors, we must extract the square root of each factor 
separately^ and take the product of these results. Thus 

writing ,J^for *the square root of. 

Jab « Ja . Jb, %• Ja , Jbxja . Jb^^Ja . Ja . Jl.Jb^ab, 

J^^Ja'.Jb, \'Jl?.JbxJ7\Jb^J7\J7.Jb/jb^a%; 

and so on; from which it appears that Ja.Jb squared 

produces ab^ and .*. Ja,Jb is the square root of ab; and 
similarly for any other product of two factors. 

By the same method of reasoning it may be shewn that 
the square root o^ a product of three or more factors is found- 
by taking the square root of each factor separately. Thus 

Jabc = Ja.Jb. Jc; and so on. 

^Exercises U, 1...S, p. 103.] 

63. To extract the square root of a fraction we must 
take the square root of the numerator and denominator 
separately. Thus 

V^-VJ* ' Jb"jb^Jb.Jb^'^''''^^''b^ 

fa 
which shews that ^ is the quantity which being squared 

Jb 
produces t> and therefore it is the square root of 7 . 

Exs /^QQ yioO ^lO /^_5/9^ 3a 

[^Exercises U, 4. . .6, p. 103.] 
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64. To extract the square root of a ^^ complete square"* 
of three terms, arrange the terms according to the powers of 
some one letter, (as in Division), and take the sum or dif- 
ference of the square roots of the extreme terms, taken 
separately, accor^ngly as the sign of the middle term is + or-. 
Thus, a*+ 2flj? + or* is a complete square arranged according 
to powers of a, and its square root is Ja^ + Jx*, or a + ^, 
••• a + dp squared produces a' + 2ax + a^. The square root 
of a*— 2flJ? +0^ is a — a?, for the same reason. 

Ex. 1. Ja^ + 1 + 2a = Jo" + 2a + I = J^ + ^r= a + 1. 

Ex.2. Ja!' + 9--6x ^Jx'-6x + 9 = J^-^ = X''3. 

Ex.3. ^4 -f-y'-4y = ^ y'-4y + 4 = ^y'-V4«=^j^~2. 

Ex.4. ^yt^-^J?^^^x^l. 

Ex. 5. a/ jr* + S j: + ^ = ^^x* + \/ 7 ~ * + H * 

Ex. 6. Jm'x* + 2mnx + n* = JmV + Jn^ = wx + «. 
Ex. 7. Jd^^s^ - 6flj:y + a* ^Jd^y*- Ja' = Sj-^- «• 
Ex. 8. Jl^FT^cT? = ^K^+ Vc»= ^a6 + c, 
[^Exercises U, 7. • • 12, p. 103.] 

65. Since either + /i, or — a, multiplied by itself, pro- 
duces «', therefore strictly speaking, the square root of a 
quantity has always a double sign, which is written thus ^, 

and is read * plus or minus*. Thus Ja* is ifc a ; Ja^b"* is ^ab, 
Ja^ + 2aa? + x* is ^(a +x) ; and so on. 

To shew that - (a + j:) is the square root of a* + 2aa? + or*, 
as much as a + 4; is, let us multiply - fa + or) by itself; 1 st. 
Removing the brackets, by Art 44, - (a + a:) = - a — a:, and 
this multiplied by itself as under 



— a — j: 

— a — x 


a^ + ax 

+ ax + x^ 


a*+2aar + j:* 



* By a '' complete square*' w meant a quantity which has heen pro- 
duced, or may be produced, by squaring some other quantity, and which 
therefore ha» an es^act square root. Thus 25- is a ' complete square*, and 
26 is not. 
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produces a* + 2aa? + «*,..•. — « — ;», or — (a + x) is the square 
root of A* + 2ax + jr*. 

66. By observing the relation which exists between 
the parts of complete squares of three terms arranged 
according to the powers of one letter, as a;' + 2fl»r + a', 

jr*— oar + ^, j:'+6d? + 9, &c., we see that the square of 

4 

the middle term is always equal to 4 times the product of 
the extreme terms, and that no three terms can form a 
complete square which does not fulfil this condition. 

Exs. J?' — T-r + 16 is not a complete square^ although x' 
and l6 are both squares, because (7j:)' or 49^?' is not equal 
to 4xl6jr'. But i*— 8ar + l6 is a complete square, viz. the 
square of x — 4, since (Sa:)" or 64^:* = 4 xl6x'. 

Hence, if in any proposed case we are allowed to add 
to ^92^0 terms another which shall make the three^ when 
arranged according to the powers of one letter, a complete 
square^ the added term must be such that the square of 
the middle term is equal to 4 times the product of the 
extremes. 

For example, if x^-\-px is to be made a complete square 
by adding another term, suppose the unknown term to be y^ 
then, by the supposition, x^+px -\-y is a complete square, and 
by the rule which applies to all complete squares of three 

terms, (px)* or /?V= ifjfx', .•. ^ »^, and 

,*. x* + px -h^ is the complete square. 

Similarly, if to x^ — px there be added ^ , the resulting 

quantity a^ — px + '-- is a complete square, viz. the square 

of j: - ^ . 
2 

/6\' 
Exs. To x' + 6x add ( - ) , or 3*, and the root is a: + 3. 



Toar*-8x ... \a) 9 or 4*, a? — 4. 



f5V 
- uX ... \^j , 



5 

iT— — • 

2 
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2 /IV 1 

To «* + - ar add l-j , and the root is « -I* - . 

To**-!* •••(!)*' *-i- 

l^Bxercises U, IS. . .24.] 

EXERCISES. U. 

Extract the square root of each of the following 
quantities : — 



(1) 4aV. 


(7) 


1 +a?*-2j?. 


(2) 9*"^. 
(8) 100o»6V. 

(4,) ^''^ 


(8) 

(9) 
(IP) 


4jt* + 4«+l. 

4a* + 6* - 4aft. 
9j;' + 6jp + 1. 


f5) ^'^' 


(H) 


a?' + X + - . 

4 


,/j. 1 fiiV 

(^ i-»y' 


(12) 
ich of the 


x-4-2. 


Complete the squares in ei 


following cases 


(13) a:''-12J'. 


(19) 


*• 7- 


(14) a;*- 14a?. 


(20) 


*»+!*. 


(15) a:' +110?. 


(21) 


a:* X. 

3 


(16) «• + 2jr, 


(22) 


x'-gx. 


(17) x'-x. 


(23) 


_a SX 

*^ 4- 


(18) a:- + ^. 


(24) 


10 



QUADRATIC EQUATIONS. 

67« Def. There are two sorts of Quadratic Equa- 
tions. 1st. Those which, .either at first, or after reduction 
by the rules of Arts. 46... 49^ contain no other power of the 
unknown quantity but the 2nd, as a^^ — these are called Pure 
Quadratics. 2nd. Those which contain no other powers of 
die unknown quantity but thejirst and second^ as x and 
«*, — ^these are sometimes called Adfected Quadratics, 

68. Pure Quadratics are solved precisely as Simple 
Equations, considering x* as the quantity sought in the 
first instance. Having found the value of oFy it then re- 
mains only to extract the square root of the equal quantities, 
and X is found. Or the unknown quantity may be so 
involved as to present an equation (either at first, or by 
reduction,) of the form (x — a)'»6; then extracting the 

square root, we have jr — a = * ^, and ,*. x = a^JZ. 

Ex. 1. If 3**- 2 = 2a:» + 2, find a?. 
Transposing, Sor' - 2a:* = 2 + 2, 
combining, ar* = 4, 

.-. J? -7^ = * 2. (Art. 65). 

To clear ofi* fractions, multiply by 48, the Least Com- 
mon Multiple of the Denominators, 

I6jr*-I2jr'-Sj:»=l6, 

combining, a:* = 16, 

.*. x = JT6 = ^4. 

Ex. S. If 7(2ar* - 6) + 5(8 - j^ = 198^, find x. 
Here 7(2ar* - 6) = 14^:*- 42, and 5(3 - j:*) = 15 - 5j^^ 
.\ erasing brackets (Art. 44), 14ar*- 42 + 15 - 5a?' = 198, 
transposing, 14jr'-5ar* = 198 + 42-15, 

combining, 9Jf* = 225, 

225 
dividing, j^ = -q- = 25, 
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Ex. 4. If s-^+ TT^ = 3, find x. 
S-hx 3-0? 

Multiply by S + «, 4 + -5 — :^ = 9 + 3x, 



transposing, 



12 + 4X 



= 5 + 3a?, 



3- X 

multiply by3 — j:, 12 + 4ar = 15 + 9a?- 5a?- 3j:*, 

transposing, 3a?*-f 4a? + 5a? - 9* = 15 — 12, 
combining, Sa^ « 3, 

dividing, a?' = l, 

.'. a? = «i=l. 

Ex. 5. If (4* - 5)* = 4a;», find x. 
Extracting root, 4ar - 5 = «*» 2a?, 

4r :f 2 jr = 5, (=f is read * mtTiu^ or ptus'\ 
.% 2a? = 5, or 6a? =s 5, 

.-. a? = - = 2i, or a: = g. 

EXERCISES. V. 

Find the values of x in each of the following equa« 
tions : — 



So?" 

(1) 3a?«-5=--+7. 

(2) (a?+l)* = 2a?+17. 

(3) (« + 2)*-4a? + 5. 

(4) (2a?- 5)'- aj«-20a?+73, 

(5) ^-^^=3-^-* 



;t* a?* 0?" 
<7> 5~15^25==**- 



(6) 



2a?'+lO 
15 



= 7 



3 

50+V 
25 



(8) 13f-- = 2x«-8f. 
(9) 



3 3 o 

+ -Z =»8. 



1 + a: 1 -X 

(10) i^_i_=_i_ 

^ -^ or* 3a?'+l 4(3a?''+l)' 
14a?»+l6 2a?*+8 2^ 



(11) 



21 



8a:*-ll 3 



(12) (-!)' = i- 



I 
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69. Adfected Quadratics are solved by the follow- 
ing Rule : — 

Ist. Employ the methods given in Arts. 46... 49 for 
clearing, transposing^ combining, &c. until the equation is 
reduced to three terms, in the form aa^ + bx = c, having 
collected all the terms containing x' into one, as ax^, and 
all those containing x into one, as bx, to form one side of 
the equation, and placing the known quantities, as c, on 
the other. 

2nd. Divide the whole equation by the coefficient of 

X*, bringing it into the form a:* + - a: = - , replacing - , 

c 
and - , by whole numbers, if they admit of it. 

3rd. Add to each side the square of half the coefficient 
of Xy which will make the left side a complete square, 
(Art. 66). 

4th. Extract the square root of each side, and the 
result will be a simple equation, from which x is readily 
found. 

Ex. 1. If 3x'''l^'h32^x^+l2x-32, find or. 
Transposing, S jr* - or* - 1 2ar - 1 2ar = - 32 - 32, 
combining, Qa^ — 24ar = — 64, 

dividing by 2, j:* - 1 2a? = - 32, 

(12\s 
— j, or 6*, «'-12ar + 6"-36-S2 = 4, 

extracting root, j? — 6 « * 2, 

. .% a? = 6 ± 2 = 8, or 4. 

Upon substituting these values for x in the original 
equation both of them are found to satisfy it. 

• Ex. 2. If 5 (x» - 5) - 2a?(a? - 1) - 60, find x. 

Since Six"- 5) = 5x^ - 25, and 2x(a? - 1) = 2a?* - 2ar, 

.% 50?* - 25 - 2a?" + 2a? = 60, (Art. 44,) 
transposing, 5dj' — 2a?* + 2a: = 60 + 25, 
combining, 3a^+ 2a? « 85, 

dividing by 3, ^ + « * = -j- , 
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adding (1)%' +?* + (!) = 



S5 l_ 255 + 1 _ 256 



. ^- ^ .1 /256 16 

extracting root, d? + -==^— = ±-- 



16 1 15 17 

5, or - 5t. 



'=*T-3 = T' •*'-¥•' 



Ex. 3. If x'-^-px^^ g, find jr. 

Adding (ij , *» + px + (iy= (iy+ q. 



1 + 9, 



extracting root, a: + ^ = ± a/ j + <7» 
••• the root o£^ + q can only be thus expressed^ (Art. 59). 

•••* = - 1*^^+9- 

This being true whatever numbers p and q stand for, it 
is called the general solution of a quadratic equation, as it 
includes every particular equation of that form. 

Thus, if x' + 4ar = 12, here p = 4, and g = 12, 

— ^ / 16 Jsubstitu ting for p and g in the above r e- 
•••*— 2=*=/^ ^^\sult their values in this particular case, 

=-2±,yi6=-2±4=2, or -6. 

And in every such equation it will be easy to write down 
at once the values of j: by remembering the general solution, 
leaving only a little arithmetical working to simplify them. 

Ex. 4. If = 1, find X. 

ar-1 or + l 

Clearing fractions, ar* + 2jr + 1 - (a?*— 2* + 1) « «' — 1, 

dp" + 2a: + 1 - x' + 2ar - 1 « ar« - 1 , 

combining, a:* — 4x = 1 , 

adding f - J , or 4, «' - 4jj + 4 = 5, 

extracting root, ar ~ 2 = ± J 5^ 

,\ x = 2^j5. 
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Ex. 5. If - + = ;r, find X. 

X x + \ j? + 2 

or + l + a? 1 



«• 


+ 0? J' + g' 






(2ar + l)(j? + 2; = 


a^ + x, 






j?" + 4<r = 


-2, 






j:' -f 4X + 4 = 
a? + 2 = 


4-2 = 


= 2, 




.% a? = 


-2«t^ 


(2. 



70. There is another method of " completing the square" 
in a quadratic equation^ (called the Hindoo method)^ which 
is not so often used as it ought to be, for it has decidedly 
the advantage of the common method in many cases, as will 
be seen from the subjoined Examples. 

The Rule is, when an equation is in the form aa;'+6;r = c, 
(where h and c may be either positive or negative) multiply 
both sides by 4a, that is, 4 times the coefficient of a^^ then 
add to both sides h', that is^ the square of the coefficient of x^ 
and the left hand side will be a ^'complete square", without 
iotroducingyy*ac//oii#, as in the other method. 

Ex. 1. If Sjr» + 2a? » 85, find x. 
Multiply by 4x3 or 12, 36a^ + 24x = 1020, 
add 2*, or 4, 36x^ + 24x + 4 = 1024, 
extract root, 6a: + 2 = ± 32, 

6ar=±32-2=S0, or -34, 
.*. 0? =s 5, or — 5|. 

Ex. 2. If 5x*- »» + 2i = 0, find a. 
Transposing, 5x^ - gx =* - 2 J, 

multiply by 4x5, or 20, lOOar*- 180ar = - 45, 

addg*, orSl, 100*'- ISO* + 81 = 81-45-36, 
extract root, 10a: -9 = ±6, 

10x = 9±6»15, or 3, 
15 3 

•••^"To''^'To' 
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EXERCISES. W. 

Find the values of x in each of the following equa- 
tions : — 



1) 
«) 

s) 

4) 
5) 
6) 
7) 
8) 

9) 
0) 

1) 

2) 
8) 

4) 

5) 

6) 
7) 

8) 

9) 

20) 

81) 
22) 
83) 



«» = 8* + 10. 
x* • 54; — 4. 

a;' - 14« s isa 
iat-20 = *'. 
4« — «' = 4. 
7* - a* = 6. 
« - «• - SO. 






S. 



2 
9j?-54:"=2i. 

7«+34r* = 6. 
j:* Zx 

llj?"-.9ar = lli. 
Sop* - 5* + 2 « 0» 

1^ 1 «Q .. 

.^^-3X«2i = 0. 

5(ar«+l)-3(x~l)=22. 

«'-4-l6-(a:-2)\ 

3(«-2)*-3«8(j?+2). 



(24)?(^«3) = l(a:-3). 

(25) 3(2-x>f2(3-x)=2(4+3x*)- 

(26) «•+(« + l)«-~x(«+l). 

(27)4(««l)-:^»Sf. 
(28) -^ + £ = 3. 



(29) 
(30) 
(31) 



«+ 1 

80 

a: + 4 

1 



«5_i. 

X 



X— 1 x+3 
x+2 4— X 



2i. 



(33) 



x-1 2x 

^ 5-x X 

3jr-7 _3, 4(x--24) 
X * x+ 5 

^ ' Sx-7 «-l 

(35)|±^+|:i? = 2l. 
"^ •'7-x 2 + x *** 

, g. 3x-5 135 ^ Sx + 5 

^ ^ 3x + 5-"*"l76""Sx-5' 

. . 3x+2 3x-2 15X+11 



(38) 

m 

(40) 



3x-2 3x+2 
3 2 



3x+2 
8 



5— X 4— X x+2' 
2x + 3_ 2x 
10-x " 25-3x" 5- 



x + 8 



5 



^ 3x+14 

x+12'*"x + 4'". 3x + 8 ' 



110 QUADRATIC EQUATIONS, 

71. When there are two equations and two unknown 
quantities^ and the rules have been applied^ as in Simple 
Equations^ for reducing them to one of one unknown quan- 
tity^ the resulting equation will sometimes be quadratic; 
and, if the unknown quantity be found from this equation 
by one of the methods just laid down, the other unknown 
quantity may be found by substituting the value of the 
former in one of the proposed equations, and solving the 
resulting equation^ which will then contain only one un- 
known quantity. 

Ex.1. If2j?-8= x-y,) n ji J 

- ^ "i V find x and y. 

and irj^-y = 2x + 2,j '^ 

From 1st equation 24? — a?= 8 - ^, 

.'. x^S-i/^ ory=S-x; 

substituting this value of y in the 2nd equation, 

a:(8 - J?) - (8 - ;c) = 2a? + 2, 

8a: - j:* - 8 + 0? = 2j: + 2, 

8a? + a?-2a:=a:'+10, 

a:»-7^ = -10, 



-■-'-a)-?-°-i- 



7 ^3 

2 2' 

7«fcS 
/. X = — -— = 5, or 2, 
2 

Ahdy«8-a: = 8-5, or 8-2, =3, or 6, 

Ex. 2. If 2*'- Sxy = 2,) ^ , , 

■• « ^ « 5- TOd X and y. 

and Sx + 2^ = 8, j ^ 

Multiply 1st equation by 2, 4a:*— Cory — i-, ) 

2nd by So:, 9^?*+ 60:^ = 24«i?,/ 

adding, 1 3a:* = 4 + 24a:, 

transposing, 1 Sj^ — 24a: = 4, 

,24 4 

13 13' 
, 24 /12V ^ 1** 52 + 144 I96 



\is) " 13 



*""13*'*'V1S>'"'13"(13)' (13)* (13)*' 

^ *• ^ 12 ^14 

extractmg root, * ""• 13 "^ Is » 

12«fcl4 26 -2 ^ -2 



• • 



13- =13' '"'13'"^' "'is 
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HI 



And 2^=8- 3a?=8-6, or8 + — >=^» ^^ ^h' •••^=1»®'^^' 

It is not suited to the design of the present work to go 
on to the solution of more complex and difficult equations, 
which require the application ot some artifice suggested by 
the particular form in which each individual equation is 
given, and for which no general rule can be stated. The 
aspiring student is referred to Wood's AlgehrUy LuntTsEdition^ 
in the Appendix to which this interesting part of the sub- 
ject is treated at great length. 

EXERCISES. X. 
Find the values of a and 1/ in the following equations : 



0) 

(2) 
(3) 

(5) 
(6) 






5jry-3y = 100,1 
5 jr — 4y = 0, ] 

ix^2i/^ 0, 
Ja?"-3y = 21 

6(0?- y) = 27, 
*^ 

8xj^= 1, j 
2a? + Sy=ll, 



=27,1 

= 28,/ 



:"•} 



(7) y-x^^. 



(8) 

(9) 
(10) 



lOx^y^Sxy, J 

2j?-3y= 1, \ 

2j:' + a:j^-5y = 20, J 

5x-'9,y = 4, 



;} 



^ +.y = 5, I 

^ + 3^=13J 




PROBLEMS 

DEPENDING UPON THE SOLUTION OF QUADRATIC EQUATIONS. 

Prob. 1. Find the number which multiplied by the 
half of itself produces 50, 

Let X be the number required, 

then - = its half, 
2 ' 
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,', jr.-.s50^ by the question, 

^ = 50, 

aj» = 100, 
/. X = ± 10, the number required; both + 10, 
and "10, satisfying the Problem. 

pROB. 2. The sum of £4. 10^.^ is equally divided among 
a certain number of persons, and each receives as many hal£ 
crowns as there are persons altogether. What is the number ? 

Let X be the number of persons ; then each person re« 
ceives X half-crowns, or j?x2^ shillings; and .*. the sum 
received by all together •» xxxx^^ shillings ; but the whole 
sum is 90f« 

/, d?xj;x2| B go, by the question^ 

.90 



x^^ — ^S6, 

,\ fsdbg; 

.*. the number required is 6, the negative value hayinjg no 
meaning in this Problem. 

pROB. 3. A person bought a lot of pigs for £4. l6s, 
which he sold again at ISs. 6d. per head, and gained by the 
whole as much as one pig cost nim. What number did he 

buy ? 

Let X be the number required, 

gg 

then, *.* £^ l6s. is qGs; the cost price is — per head, in 

X 

shillings, 

and ]3jxx«>what he sM the whole for, in shillings, 

/. 13|xj;- 96 -his profit, 

ofi 
Hence, by the question, IS^xx - 96 = -- , 

multiply by ga?, S?** - 1 9^x = 1 92, 
divide by 3, g*"- 64«- 64, 
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, ,, ,64 /S2\» 64 1024 1600 

complete the square, ^-"g^-^y-g) ""9 ^ Tr*" "sT* 

32 40 

9 9' 

32*40 72 8 

= 8, or-?. 
.*. the number required is 8. 

pROB. 4. A gardener, who had no knowledge of Arith- 
metic, undertook to plant a certain number of trees at equal 
distances apart, and in the form of a square. In the first 
attempt, when he bad finished his square, he had 1 1 trees 
to spare. He then added one of these to each row, as far 
as they would go, and found that he wanted 24 trees more 
to complete his square. How many trees were there ? 

Let X be the number in the side of the first square, 

then jy.x, orV = number of trees in the whole square, 

.*. 0?'+ 11 = all the trees, by the question. 

Again, a? + 1 = number in a side of the second square, 

.*. (^+1)(^ + 1), or (a?+l)*= all the trees in this square 
completed, 

.*. by the question, (a? + l)'-24 = a?' + ll, 

«*+2a?+l-24=x''+ll, 

2x=34, 

.'. or- 17, andar'=289, 

.-. number of trees = j:* + 1 1 = 289 + 1 1 =« 300. 

Pros. 5. A printer, reckoning die cost of printing a 
book at so much per page, made the whole book come to 
£l6. It tarned out however that the book contained 
5 pages more than he reckoned, and an abatement also was 
made of 2 shillings per page. He received £13. 10^. How 
many pages did the book contain ? 

Let X be the number of pages in the book, 

320 
then •.• £l6 = 320*. the price he first reckoned was — s. 

per page, 

and ••• £l3. 10*. = 270*., the price for «+ 5 pages, 

8 
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tjie price he received was -s, per page^ whiqh was 2j, 

•C + o 

less than the former^ by the question, 

S20 270 



a x^-5 



4.0 



,.,,..,, ^ 160 135 , 
first divide by 2, — = + 1, 

*r jc + 

l60x + 800 = 1S5j? + x'' + 5x, 

a?'-20ar = 800, 

a;''-20j? + 100 = 900, 

^-10 = ±S0, 

.% a?=10±30 = 40, or-20; 

.*. the number of pages is 40 ; the negative value not being 
applicable to this problem. 

Pbob. 6. There are 4 consecutive numbers, of which if 
the first two be taken for the digits of a number, that number 
is the product of the other two. What are the 4 numbers? 

Let d:, * + 1, a? + 2, x + 3, be the 4 numbers required. 

then 10x4-0? + 1 = the number whose digits are x, and a? -f 1, 

.•. by the question, (x + 2)(a? + 3) = 10;c + .r + l, 

or ;»?*+ 5jr + 6 = 1 Ix + 1, 

«■— 64:=5-5, 

a:'-6a? + 9 = 9~5 = 4, 

j:-3==±2, 

.;. a? = 3±2 = 5, or 1. 

Hence the numbers required are 5, 6, 7^ 8, or 1^ 2, 3, 4, 
both of which results satisfy the problem, 

V 56 = 7x8, and 12 = 3x4. 

pROB. 7. Twenty persons contribute to send a donation 
of £2. 8s. to the Society for Promoting Christian Knowledge, 
one half of the whole being furnished in equal portions by 
the women, and the other naif by the men; but each man 
gave a shilling more than each woman. How many were 
there of each sex, and what did each person contribute? 

Let X be the number of women, and 1/ the contribution 
of each, in shillings, 

.'. 20 — 4; = the number of men, and y + 1 = contribution 
of each, in shillings, 
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hence xy = whole contribution of the women^ 

and (20~x)(y4- 1)= men, 

.*. by the question, xy = 24,1 ^ - , , 

From 2nd equation, 20y + 20 — xy — « = 24, 

24 
substituting from 1 st, 20 x — + 20 - 24 - a? = 24, 

X 

or a?=s28, 

X 

.*. a:^ + 28x = 480, 

J?' + 28ar + (14)'« 480 + I96 » 676, 

.-. x+14 = ±26, 

.-. j; = ±26-14 = 12, or -40. 

And20-x = 20-12=8, or 20 + 40 = 60. 

., 24 24 ^ 24 . -3 

Al8o^ = ~ = - = 2,or-^i.e.-; 

2 
and ^+1 = 3, or-. 

/. the number of women is 12 contributing 2 shillings each) 

and men .. 8 3 y 

the other values of x and y, although furnishing a solution 
of the Equations, not belonging to this Problem, 

EXERCISES. Y. 

1. Find the two consecutive numbers whose product 
is 156. 

2. Find the three consecutive numbers whose sum is 
equal to the product of the first two. 

3. Divide 20 into two such parts, that one is the square 
of the other. • 

4. Divide 210 into two such parts, thait one is the 
square of the other. 

5* Divide 25 into two such parts, that the sum of their 
squares shall be 313. 

6. Divide 30 into two such parts, that the difference of 
their squares shall be 300. 

8—2 
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7. The product of two numbers is 144, and if each 
number be increased by 2, their product will then be 200. 
What are the numbers ? 

8. Find the number whose square exceeds the number 
itself by 156. 

9. Find the fraction which is greater than its square by ^. 

10. Two trains start at the same time to perform a 
journey of 156 miles, but one travels a mile an hour faster 
than the other and reaches the end of its journey just one 
hour before the other ; at what rate did each train travel ? 

11. A student travelled on a coach 6 miles into the 
country, and walked back at a rate 5 miles less per hour 
than that of the coach. He found that he was 50 minutes 
more in returning than going. What was the speed of the 
coach > 

12. A person distributed £5 in equal portions among a 
certain number of poor men ; and another person did the 
same, but by giving each man a shilling less, relieved 5 
more. What was the number of recipients in each case ? 

13. A person distributed £S6 in equal portions among 
the poor of a certain place. The next year the same amount 
was distributed, but tne number of recipients was diminish- 
ed by 6, and consequently each received 1^. Sd. more than 
in the year before. What was the number of recipients in 
each year ? 

14. Two travellers A and B start at the same time from 
two places distant 180 miles to meet each other. A travelled 
6 miles per day more than B, and B travelled as many miles 
per day as was equal to twice the number of days before 
they met. How many miles did each travel per day ? 

15. The fore- wheel of a coach makes 6 revolutions more 
than the hind- wheel in going 120 yards; but if the rim of 
each wheel were increased 1 yard, the fore- wheel would then 
make only 4 revolutions more than the hind- wheel in the 
same distance. What is the circumference of each wheel .'^ 

16. A person, who can walk forwards four times as 
fast as he can walk backwards, undertakes to walk a certain 
distance, and one-fourth of it backwards, in a stated time. 
He finds that, if his speed per hour backwards were one- 
fifth of a mile less, he must walk forwards 2 miles an hour 
faster^ to gain his object. What is his speed ? 
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72. The rule so frequently applied to clear an Equation 
of fractions really belongs, in most cases, to common Arith* 
meticy rather than to Algebra; that is, in all cases tirhere the 
denominators of the fractions are arithmetical numbers. For 
example, let the giren equation be 

•/ ~ — ~ . 4?, - =5 - . a?, and so on, the equation becomes 
5 5 4 4 

1 J 1 1 ,^ 

— *C + —X H X — -X = 17, 

5 4 3 2 






or 

\5 4 3 

17 



*« 



i+i+^-r 



which is the value of x, reouiring only to be simplified by 
a process purely arithmetical. 

It is not meant that this method is more easy than the 
common one ; but by it a clear distinction is kept up be- 
tween common Arithmetic and Algebra ; and whatever diffi- 
culty there may be in such cases, it is manifestly such as 
the student ought to have mastered before he coitimenced 
the subject of Algebra. 

73. Again, the rule for clearing an Equation of frac» 
tions may often be suspended as fcnlows. Let the given 
equation be, 

()j: — 4 X — 2 2a:^-j 

+ = — -, to find X. 

21 5x-b 7 

•/ -^^ = ^ - — (Arts. 3S, 26) = y - — , (Art 35), 

2jr 4 *r — 2 2x 
the equation becomes "^ " qT + g —fi "* "7" ' 
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erasing and transposing^ 7-, = — , 

oX — O !bi 
21ar-42 = 20a:-24, 

This is a method which will often save much trouble. 

74. It may be worth while to give here a method also 
of solving some equations of two unknown quantities^ which, 
although obvious enough, seems to have entirely escaped 
the notice of writers on Algebra. It applies to such equa- 
tions especially as those in page 86 ; thus, taking 

Ex.2. 54x-121y=15,K /: j j 

36x-- 77y = 2lJ ^ 

Subtractings 1 So? — 44y = — 6, 
multiply by 2, 36x - 88y = - 12,1 
from 2nd equation, S&c — 77^ "= 21,/ 
subtracting, 11^ = ^3> 

.% y = 3, 
And 18j? = 44y - 6 = 132 - 6 = 126, .-. a? = 7- 

This method saves all the trouble of finding the Least 
Common Multiple of 54 and 36, and is very simple through- 
out. 

Take another example from p. 87« 

(16) 101--24y = 63,| 

103x-28j^«29,J ^ 

Subtracting, 2j: — 4y = — 34, 

multiply by 6, 12a? - 24y = - 204,\ 
but 101a?-24y« QS,] 

subtracting, 89jr = 267, 

. 267 ^ 

..X-— =3- 

And 4y = 2d? + 34 = 40, .'.^slO. 
54* -36^ = 82,/ ^ «=10j 



KATIO, PROPOETION, AND VARIATION. 

75. De^f. Ratio is the relation which one quantity 
bears to another in respect of magnitude, which relation is 
measured by the number of times the one contains the other, 
or by the part or parts the one is of the othei"^ according as 
the one is greater or less than the other. Thus the Ratio of 
9 to 3 is 3, because 9 contains 3 three times ; and the Ratio 
of 3 to 9 is ^, because 3 is one third part of 9. 

a 
Hence j- will always represent the Ratio of a to 5 what- 
ever numbers a and h stand for^ because^ if a > 6^ t expresses 

the number of times a contains h ; and^ \^a<h, j- expresses 

the part, or parts, a is of h, 

a : b is the abbreviated way of writing ' thi Ratio of 

a c 

a to I'; hence a : & « t . Similarly c : d=^n* Therefore if 

a c 

- = -,, a : b^c : </, or the Ratio of a to 6 is equal to the 

Ratio of c to d. This equality of two Ratios constitutes 
what is called a * PRO!»oftTioN'. It is usually written thus 

a : b :: c : d, 
and is read ^a is to b as c is to d'. 

Thus, since -=^, 2:3::4:6, that is, 2 bears the 
o o 

same relation to 3 in respect of magnitude, which 4 does 

to 6 ;' and 2, 3, 4, 6$ are called proportionals. 

It will be necessary, therefore, for the student constantly 
to bear in mind, with respect to Rxtio and Proportion, these 
two things, viz. 

1. That the measure of any Ratio a : & is 7- • 

a c 

2. That, ifa:b::c:d, then r^-j* 

For as soon as a ratio is converted into a fraction, or a pro^ 
portion into an equation, then, of course the Rules before 
given for fractions and equations are immediately appli- 
cable. 
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Ex. 1* Which is greater^ the ratio 7 : 4> or the ratio 
8:5? 

7 : 4 is measured by - ,| .-. 7 : 4> or < 8 : 5 

8 1 7 8 

8:5 -,) according as J > or <- , 

or, (bringing the two fractions to a common denominator, 

which does not alter their valued according as ~r> or < — - , 

>/ ©20 20* 

, 35 32 A 35 32 3 \ . ^ ^ „ ^ 
20 20' \ 20 20 20/ 

{Exercises Z, 1...12, p. 125.] 

76. If the terms of a ratio be multiplied or divided by 
the same quantity, the value of the ratio is not altered. 

For let a : 6 be any ratio, then 

a : ^=»T (Art 75), and r =* — r > (Art 34), 

, ma , 

.•. fl : 6 = — r = wia : mo, 
mo 

, Conversely ma imh^—r^r^aih, 

Exs. 2:3 = 4:6, 5:2 = 15:6, 1:5 = 10:50. 
{Exercises Z, 1 3 ... 1 8, p. 1 25.] 

77. If o : 6 :: c : J, shew that ad « 6c, and the converse. 

a c 
Since a ib ii c\d, t^ j^^Y definition of Proportionals, 

and multiplying these equal quantities by bd^ 

-J—--J- (Art 38); but abdst^b.ad^ and cbd*»d.bc, 

b»ad d,bc , . 

.% — -. — = —J-* or ad = 6c. 

Conversely, if arf=6c, dividing these equal quantities by bdy 

ad be ^ ^ r A s. oi'\ L J 

Ta ~ Id' ^^ X ~ 5 ^ ^' or « : 6 = c : a, 

.*. a : 6 :: c : <2. 

Hence, also, if three terms of a proportion be given, 

the fourth may be found. 

For, if a : 6 :: c : d?, by what has been proved above 

, be 

ax^oc, .•. xss — , 
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This 18 the proof of The Single Rule of Three in Arithmetic, 
which teaches how to find the fourth term of a proportion^ 
when three terms are given. 

78. l£ a : h :: c : d^ shew that b : a :: d : c. 
Since a : 5 :: c : (/, t = t > (Art. 75), 

multiply these equal quantities by bd, then ad^ bcy 

J. . , , ad he 

divide by flc, — *= — . 
•^ ac ac^ 

or-=-, (Art 35), 

b d 
or - = - , 
a c ' 

,\ b : a :: d : c, 

79. l£ a : b :: c : d, shew that a : c i: b \ d. 

Since a \ b " c x d, X~5' (^'** ^^)' 

, . , . 6 fe a J c ab be 

muluplyby-, -.^ = -.3, or 3^ = ^, 

or - » -^ , (Art 35), 

/. a : c :: 6 : (^ 

80. If a : ft :: c : c?, shew that a + 6 : b :: c + d : d. 

Since a : ft :: c : «?, t = ^ ? (Art 75), 

.-. 3 + 1=5 + 1. 

rt+ft c+rf 

*"-6 T' 

.*. a + ft : ft :: c + ^i : J. 

81. If a : ft :: c : d, and c : </ :: e : /, shew that 



« : ft :: e : /. 



Since a : ft :: c : <f, t = -* , 

o a' 

and V c : <Z :: e : /, ^ = 4,. 

or fl : ft :: e : /. 



. (Art. 75), 




122 RATIO, PROPORtlON, AND VARIATION* 

82. it a : b :: c : rf, and b t e :: d : f, shew that 
a : e :: c : /. 

Since a : b :: c : d, j- 

and •/ 6 : e :: a : /, - 
a ^ c d 

• —V— — —V — 

bed/ ' 
fl6 erf a <? / A ,. « -\ 

•*• M t C tt C * T» 

[^Exercises Z, 19...28, p. 126.] 

83. To shew that if quantities be proportional according 
to the Algebraical definition, they are proportional according 
to the Geometrical definition*. 

Let a, &, c, d represent four, quantities in proportion 
according to the Algebraical definition ; then we nave 

2=^. (Art. 75), 

m a fn c i^* i • t 

••. —'T^^'j* multiplying equal quan- 
tities by the same quantity, — , 

ma mc 



from which it follows, by the nature of fractions, that if 
9na> n6, then mond; if ma = 7i5, then mc = nd; and if 
ma < nb, then mc < nd. And ma, mc, are any equimultiples 
whatever of the 1st and 3rd quantities; and nb^ nd are any 
equimultiples whatever of the 2nd and 4th, since m and n 
are any whole numbers whatever. Therefore a, b, c, d are 
proportionals also according to the Geometrical Definition, 

84. Variation. Def. Variable or Varying c^sntities^re 
such as admit of various values in the same computation. 
Constant or invariable quantities have only one fixed value. 

One quantity is said to ^vary directly* as another, 
when the two quantities depend upon each other in suck 
manner, that if one be changed, the other is changed in the 
mme proportion, 

* For the Geometrical Definition of Proportion see Euclid, Book ▼. 
Def. 5. 
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Thus, let A and B be two variable quantities mutually 
dependent upon each other^ in such a may^ that if A is changed 
to any other value a, B becomes h, these changes being such 
that A I a\i B X h; then A is said to vary directly as B, 

For example^ if a man agrees to work for a certain sum 
per hour^ the amount of his wages will vary directly as the 
number of hours he works ; for as the hours increase or 
decrease, so also will the wages, and in the same proportion, 

N.B. It often happens that two quantities are mutually 
dependent upon each other, and yet do not ' vary' as each 
other. They may increase or decrease together^ and yet one 
shall not ^vary* as the other^ because the changes in the two 
are not proportional. For example^ the side and area of a 
square are mutually dependent upon each other, so that the 
one cannot be changed without the other being changed, 
but the changes are not proportional, that is^ when the side 
is doubled^ the area is not doubled^ it is quadrupled — when 
the side is trebled, the area becomes nine times its former 
value, and so on. 

: When it is simply stated that one quantity * varies' as 
another, it is always meant that the one 'varies directly' as 
the other, in the sense above given. The symbol oc is used 
to signify that the quantities between which it is placed 
*vary' as each other. 

Ex. Given that ^ « x, and when a? = 2, ^ = 20, state the 
resulting proportion. 

Here, when y is changed to 20, x is changed to 2, 
and y<xiXf 

.*. y : 20 :: J? : 2, or y i x :: 20 : 2, (Art. 7.9), 

or^ : J? :: 10 : 1, (Art 76). 

85. Def. One quantity is said to * vary inversely' as 
another, when the one cannot be changed in any manner^ 
without the reciprocal* of the other being changed in the 
same proportion, 

A varies inversely as JB, (which is written thus Acc-^\ 

iC when A is changed to a, B be changed to h, such that 

A : a :: -^ • r 9 ^> multiplying the last two terms by B6^ 
Jo o 

(Art. 76), A : a :: 6 I B, 

• By *reciprocaV of a quantity is meant -y—; -tt-. Thus the 

' "^ ^ that quantity 

^reciprocal of a is - , whatever quantity a stands for. 
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For example^ if a letter-carrier has a fixed route, the time 
in which he will finish his work varies inversely as his speed. 
If he double his speed, he will go in hcdf the time : and 
similarly, however he may alter his speed, ^provided it be 
uniform throughout the journey, which is here supposed) 
the 'reciprocal' of the time will manifestly be altered in ike 
same proportion, 

Ex. Given that 1/ varies inversely as x, (y««-), and 

when 4? = 3, ^ = 1, find the resulting proportion. 

Here^ • ^ •* J • S» ^^ ^ ' i '' ^ ' 3* ^^^ '^^^' 

or ^ : - :: 3 : 1, (Art, 76). 

86. Def. One quantity is said to ^vari/ as two others 
jointly, if, when the first is changed in any manner, the 
product of the two others is changed in the same proportion. 

A varies as B and C jointly, (which is written A « jBQ, 
if, when A is changed to a, BC becomes he, such that A : a 
:: BC : be. 

For example, the wages to be received by a workman 
will vary as the number of days he has worked and the 
wages per day jointly^ for if either the number of days or 
the wages per day be doubled, trebled, &c. so as to double 
or treble, &c. their product^ the whole wages to be received 
for the work will likewise be doubled, or trebled, &c., that 
is, altered in the same proportion. 

Ex. Given that z<xxy, and when a;= 1, and ^«2, 2=20, 
find the resulting proportion. 

Here jsr : 20 :: a:y : 1 x 2, .•. z : xy :: 20 : 2, TArt. 79)» 

or z \ xy :: 10 : 1, (Art. 76). 

87. Any variation may be converted into an equivalent 
equation wnen two corresponding values of the variable 
quantities are known. 

For, if ^ oc^, and a, b are known corresponding values 
of^ and £, then 

A I a :: B : b, by definition, 

.-. Ab^aBy (Art. 77), 

or A— -r.B. 

Ex. Given yccx, and when jr = 1, ^ = 3, find the equa-^ 
tion between x and y. 
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Here ^ : S :; « : 1, .-. y^Sx. (Art. 77) 
N.B« The most ready method of treating variations is 

in general to conyert them into equations. For since ■» = t j 

always^ when A ozBy that is, A and B cannot change value 
without retaining the same ratioy which is, therefore, in 
each case a fixed invariable quantity, it is usual to express 
that quantity by some assumed letter as m, n, or p. Thus, 

MAoaBy then p»«», or A^mB; where *'i = t« But if, 

in the same computation, there occurs another variation, 
as CocD, we cannot then say C^mDy because althoagii 

-^ = a fixed invariable quantity, it may not be the same 

quantity as in the other variation. So that we should write 

Ex. Given that y oc the sum of two quantities, one of 
which varies as x and the other as a', find the corresponding 
equation. 

Here, *.• one part ocx, this = »fjr,l m and n being in- 
and the other ... ccor^, ... =:na^,) variable, 

.•. y = mx + nx'. 
The invariable quantities m and n can only be found 
when we know two pairs of corresponding values of x and t/, 

[Exercises Z, 29... 32.] 

EXKRCISES. Z. 
Find the value, or measure, of each of the following 
Ratios : — 



(1) 3a : 15a. 

(2) 2x : lOar*. 

(3) ax : bx. 

(4) abc : be. 

(5) axy : 2x. 

(6) Sabx : 2«*jr. 

Simplify each of the following Ratios : — 

(13) Box : 4Jk 

(14) l6xf/ : 204?^. 



(7) a'pc : Sacx. 

(8) Sx^f 1 I2a^f. 

(9) ac-i-bc : <f. 

(10) 2ax + x' : mx. 

(11) l-jf« : 1-a?. 

(12) a" -J* : « + />. 



^ '^ 1x2x3 ' 2x3x4 



(15) iax : |6x. j ^(^-1) ^^ . ^y 

(16) 2;r»^ : i^. ! ^^^^ 1x2 ^*^ ' '^'^- 
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(19) Whi<* 18 the greater 15 : I6, or 16 : 17 ? 

(20) Which is the greater 2aa? : Sby, or Sa : 2i, when 
jf : ^ :: 2 : 1 ? 

(21) If a : 5 :: c : (f, shew that 2a : Sb :: 2c : 3d. 

(22) If a :b ::h : c^ shew that a : c :: a* : b\ 

(23) Convert the proportion a : a + j? :: a — x : 6 into 
an equation. 

(24) Convert x ly i: y i^a — x into an equation. 

(25) If a +4? : a — « :: 11 : 7f find the value of a : x. 

(26) Find two numbers in the ratio of 2 : 3> and the 
sum of which : their product :: 5 : 12. 

(27) The Ist, 3rd, and 4th terms of a proportion are 

. ax. 3cx^ and — — , what is the 2nd term ? 
' a 

(28) There are two numbers in the ratio 3 : 4, and if 
each of them be increased by 5, the resulting numbers are 
in the ratio 4 : 5. What are the numbers ? 



(29) 1£ ycx:x, and when a? = 2, ^ = 4a, find the equation 
between x and y. 

(SO) If ^ cc - , and when or = ^, ^ = 8, find the equation 

between x and y. 

(31) If 1 + ar cc 1 — jy, shew that 1 + ar*oc a*. 

(32) If 2x + 3ycc4!X + 5y, shew that xocy. 
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88. Def. a series of quantities are in Arithmetical 
Progression^ when, taken in order, they go on, from the first 
to the last, either increasing or decreasing by the samejixed 
quantity, called the ^ Com?non Difference', 

Thus 1, 3, 5, 7, 9? H* &c. are in Arith. Prog,, because 
each quantity is greater than the one preceding by the com- 
mon difference 2. 

So also 20, 19, 18, 17, &c. are in Arith, Prog,, because 
each quantity is less than the one preceding by the common 
difference 1. 

Again 2x, 4jr, 6j?, 8x, &c. are in Arith* Prog,, the common 
difference being 2x. 
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The general form of a series in Arith, Prog, is either 

a, fl + rf, a + 2d, a + 3d, &c. 

or a, a — d, a — 2d, a — Srf, &c. ; 

in the former the quantities go on regularly increasing^ and 
in the latter decreasing, by the fixed common difference d. 

Qu^ Are 1, 3, 4, 7» 8, &c. in Arith. Prog. ? No, be- 
cause 3 — 1 = 2, and 4f — 3 = l, so that the quantities do not 
increase by the same quantity, i. e, by a common difference. 

Qu^ Are 1, 5, 9, IS, 17, &c in Arith. Prog.? Yes, 
because 5-1 = 4, 9 -5 = 4, 13-9 = 4, 17-13 = 4, &c. 
shewing that the quantities increase by a common difference 4. 

89. In the general series 

a, a-hd, a-\-2d^ a + 3d, &c. 

a is called the 1st term of the series, or progression, a + d 
the 2nd term, a-\-2d the Srd, and so on. Hence a + (» — 1)(/ 
is the «'** term, where n stands for any whole number ; for, 

ifw = l, 1st term =a + (l — l)<f=fl, 

.. 11 = 2, 2nd term =a + (2- l)rf = a + <i', 

.. n = 3, Srd term »« + (3- l)J=fl+2rf; 

and so on ; so that a + (n — \)d truly represents the n^ term, 
whatever number n be. 

Similarly, a-(«-l)(/ represents the n^ term of the 
decreasing series a, o — rf, a — 2d, &c. 

90. In any series of terms in Arith. Prog, we can find 
any proposed term independently of the rest, if we know 
the first term and the common difference. For a and d being 
known, a + (n — l)dis known for any given value of n. 

Ex. 1, Find the 50th term in the series 1, 5, 9, 13, 
17, &c. 

Here a = 1, d=4f, and « = 50, therefore substituting 
these values in a + (« — l)d^ 

the term required = 1 + (50 - l)x4 = 1 + 200 - 4 = 197. 

{^Exercises Za, 1...S, p. 131.] 

91. It is plain that we could find the sum of any num- 
ber of quantities in Arith. Prog, by adding them together 
in the ordinary way; but when the number of terms is 
large this method would be found inconvenient. The fol- 
lowing Rule will give ils the sum more readily in all such- 
cases : — 
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Rule. To find the sum of a series of quantities in Aritk, 
Prog.y add together the first and last terms, and multiply half 
this sum by the number of terms, or the whole sum by half the 
number of terms, if more conveniefit. 

Thus to find the sum of the first 5 terms of the series 
1, 5, 9, 13, 17, &c. : 

1 is the 1st term, 17 is the last, their sum is 18, half 
this is 9, which multiplied by 5, the number of terms, gives 
45, for the sum of the series. That this is correct, appears 
by taking the sum 1 + 5 + 9 + 13 + 17. 

If it were required to find the sum of 100 terms of the 
same series, we must first find the last term, that is, the 
100th, this is 

1 + (100 - l)x4, by Art. 90, 

or 1 + 400 - 4, that ife, 397- 
Then the sum required * ^(1 + S97)xlOO. 

= 199x100 = 19900. 

92. To prove the Rule generally. 

Since a, a + d, a + 2d, a-k-Sd, ..../, where / stands for 
the last term, will represent any series of quantities increas- 
ing in Arith. Prog, by the common difference d, let * be the 
sum of the quantities, then 

s = a + a + d + a + 2d + a + Srf+&c.... +/. 

Now since the terms go on regularly increasing by the 
quantity d, the term next before /, will he l — d, and the 
term before that / — 2d, and so on ; therefore reversing the 
series which cannot alter the sura, we have also 

j = / + /-£/ + /-2rf + &c. + + a + rf + a j 

adding this to the former, we have 

2s = « + / + « + / + « + /+ &c. a + l being repeated 
as many times as there are terms in the series ; 

.•. 2s = n times a+l, or nx(a + /), if n be the number of 
terms, and 

.'. s-^n{a + l). 

Also, if the series be decreasing, the same result will be 
obtained, merely changing the sign of d in the above ope- 
ration from + to — , and from — to +. 

[^Exercises Za, 4...14, p. 131.] 
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93. Having given two quantities a and 6, find another, x, 
so that a, x, 6, shall be in Arith, Prog, (The middle Quan- 
tity^ ir, is called 'the Arithmetic Mean* between a and o,) 

Since a, x, 5, are in Arith. Prog, by the supposition^ 

a*.a«the Com. Diff. Also 6 — x = the Com. Diff. 

.*. or — a=6-a?, 

transposing^ 2x~a + 6, 

2 

Hence it appears, that the Arithmetic Mean between any 
two quantities is half the sum of the quantities. 

Ex. 1. The Arith. Mean between 6 and 20 is -^(6 + 20), 
or 13 ; that is, 6, 13, 20 are in Arith. Prog,^ as they plainly 
are. 

Ex. 2. The Arith, Mean between a + b^ and a — b, is 
i(a+b + a-b), or a, that is, 

a + b, a, a — b, are in Arith. Prog. 
[^Exercises Za, 15...17> p- 132.] 

94. Having given two quantities a and 6, find two 
others x and ^, such that fl, x, y^ 6, shall be in Arith, Prog. 
(This is callea inserting two Arith. Means between a and b,) 

Since a, x, ^, 5 are in Arith. Prog, by the supposition, 

by Art.9S, « = ^,1 ^ . , ^r a a 

2 1 two simple equations for find* 

x + b I ingarandy. 

From 1st 2x-a-hif, buty=— ^— , 

j: + 6 
.'. 2« = a + — — , 

4cr = 2a + X + 6, 

3»a2a + 6, 

_ 2g-f^ 
3 

., ^ 4fl+26 a +2^ 

Also y = 2x-fl3= — a= — r — . 
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Hence a, — - — , — - — , 6, are m Anth, Prog, 
3 3 

rr '^ t- 2a + 6 b — a a + 2b ^a + b b — a 
Verification. — «=-g-, —^ 3~'~3~' 

-- a + ^b b-a 
and b — = — ;-- : 

shewing that the quantities a, x, y^ l^ increase by a common 

difference , that is, are in Arith. Prog. 

3 

95. The same thing may be done more easily in an- 
other way, thus : Let the quantities be a, a + x^ a + ^go, 6, 
where x is the common difference which remains to be found. 

Here the com, diff. x^b — {a'¥ 2 «), 

or a?«5— a — 2a:, 
Sx^b — Oy 
b^a 



• • X ^^ ' 



S ' 



A J-.U « ^-^ 2(b-a) 

And the means a + x, a + 2x, are .*. a + ——- , + -^ — ^, 

3 3 

^a + b a + 2b , ^ 
or — - — , — - — , as before. 
3 3 

By the latter method any number of Arith, Means ma,y 
be inserted between two quantities. 

Ex. 1. Find the Arith, Mean between -r , and -. 

4 2 

The required Mean = -(--+-)=. -x- = - , 
^ 2\4 2/ 2 4 8 

.13 1 
that is, - , - , - , are in Arith, Prog. 

4 0^ 

Ex. 2. Insert two Arith. Means between - and -^ . 

3 

Let X be the unknown com, diff, ; then the series is 

11 1 ^ 11 

3' S"*"*' S"*"^* T' 
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11 



(- + 2ar j = cow. diff, = a?. 



/. the required means are - + -, and ^ "<■ *» 

5 
that is, ^, and 1^. 

15 11 

Hence - , ^ , 1^, -^ , are in Aritk. Prog. 

{JBxercises Za, 18... 25.] 

EXERCISES. Za. 

Find the 15th, and the 20th, terms in each of the follow- 
ing series : — 

(1) 1, 6, ll,&c. 

(2) 16, 15, 14, &c. 

(3) J,|, l,&c. 

Find the sum of 20 terms of each of the following 
series : — 

(4) 1, 3, 5, 7, &c. 

(5) 5, 8, 11, 14, &c. 

(6) 100, 110, 120, &e. 

(7) 100, 97, 94, &c. 

(8) 15, 11, 7, &c. 

(9) i,i 1, &c. 

(10) IS, 12|, 12J, &c. 

(11) How many strokes does a clock make in 12 hours, 
which strikes the hours only ? Calculate this without 
writing. 

(12) If a labourer were hired for a year to receive a 
farthing the first day, a halfpenny the second, three far- 
things the third, and so on, excluding Sundays; what would 
his wages amount to for the year? And what would he 
receive for the 25th week ? 

9—2 
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(IS) A certain debt was discharged in 25 weeks, by 
paying 2 shillings the 1st week, 5 shillings the 2nd, 8 shil- 
lings the 3rd, and so on. What was the amount of the 
debt? 

(14) How far does a person travel in gathering up 200 
stones placed in a straight line at intervals of 2 feet from 
each other; supposing that he fetches each stone singly 
and deposits it in a basket, which is in the same line pro- 
duced 20 yards distant from the nearest stone, and that he 
starts from the basket ? 

(15) Find the Arith. Mean between - and -. 

(16) Find the Arith. Mean between 1 + x, and 1 — x. 

(17) Find the Arith. Mean between - and - . 

(18) Insert 2 Arith. Means between 5 and 14. 

(19) Insert 3 Arith. Means between 1 and 3. 

(20) Insert 4 Arith. Means between 100 and 80. , 

(21) There is a series of terms in Arith. Prog, of which 
the sum of the first two terms is 2^, and the 4th term is 2 J. 
What is the series ? 

(22) In the series 1, 3, 5, 7, 9» &c. the sum of 2 terms 
is 2', the sum of 3 terms is 3', of 4 terms 4', and so on; 
prm^e that this is true generally, viz. that the sum of n terms 
isn*. 

(23) The first and last of 40 numbers in Arith. Prog. 
are 1^, and If; what are the intervening terms? And 
what is the sum of the whole series ? 

(24) An insolvent tradesman agreed to pay a certain 
debt by weekly instalments, beginning with 5s, and in- 
c^'easing by 3s. every week. His last payment was £l5. 2s. 
For how many weeks did be pay, and what was the whole 
amount of his debt ? 

(25) It is shewn in treatises on Dynamics, that a heavy 
body, falling from rest and unobstructed, passes through a 
9pace of iGt*^ feet nearly in the 1st second of time, but after- 
wards in each succeeding second 32^ feet more than in the 
second immediately preceding. Now a heavy body fell from 
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the car of a balloon and it was ascertained to have been 
exactly 20 seconds before it struck the earth. What was 
the height of the balloon, supposing the resistance of the air 
not worth reckoning ? 
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96. Def. a series of quantities are in Geometrical 
Progression when, taken in order, they go on, from first to 
last, increasing or decreasing in the same fixed Ratio^ that 
is, by a common multiplier. 

This multiplier is called the Common Ratio^ and may be 
either whole or fractional. 

Thus, 1, 2, 4, 8, 16, &c. are in Geom, Prog, because each 
quantity is twice as great as the one preceding. 

So also 16, 8, 4, 2, 1 are in Geom, Prog, because each 
quantity is halfais great as the one preceding. 

In the first series the Common Ratio is 2, in the second ^. 
In any series of this kind the Common Ratio is found by 
dividing an^ term hy the one preceding; and if every term 
divided by the preceding one do not give the saine quotient 
the series is not in Geom. Prog. 

Ex. 1. To find the Common Ratio in the series 1, 3, 9, 
27, &c. 

Here Common Ratio = -, or 3. 

Ex. 2. To find the Common Ratio in the series 1-^, 3, 6, 
12, &c. 

Here the Common Ratio = - , or 2. In this case it is 

o 

more convenient to divide the third term by the one pre- 
ceding, than the 2nd by the Ist. 

11 3 . 

Ex. 3. Are r > ^ » ^^^ T ^^ Geom. Prog. ; and if so, 

what is the Common Ratio ? 

TT 113 ,3 13 

Here - -4- - = - , and t -^ ^ = ^ » 
2 3 2 4 2 2' 

therefore the quantities are in Geom. Prog.y and the Com- 

.3 
mon Ratio is - . 

2 

{Exercises Zb, 1...9, p. 13?.]] 
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97. The general form of a series in Geom, Prog, is 

a, at, ar", at*, &c. 

where each term is r times the preceding one^ r being 
either whole or fractional. The n^ term is manifestly ar^^, 
because 

the 2nd is ar^, 

. • . 3rd . . . ai^^ 

. • . 4th . . . ar^j 

and so on; the index of the power of r being always less by 
1 than the number which marks the position of the term. 

98. In any series of terms in Geom, Prog, we can find 
any proposed term independently of the rest, if we know 
the 1st term and the Common Ratio, For a and r being 
known ar^^ is known for any given value of n. 

Ex.n. Find the 8th term in the series 1, 3, 9, 27, &c. 

Here a = 1, r = Sy and «= 8, therefore substituting these 
values in ar^^, the term required « 1 x3^=2187. 

The sum of a series of terms in Geom, Prog,^ like the 
sum of any other quantities, may be found by adding them 
together ; but, when the number of the terms is large, the 
following article will furnish a method of summing the 
series which is more generally applied : — 

99. To find the sum of aiiy number of quantities in 
Geom, Prog, 

Let a, \ c, rf, &c. k, /, be n quantities in Geom, Prog,, 
and let r be the Com, Ratio; then, by definition, 

c = br^ 
d = cry 
&c. = &c. 
l^kr, 

,', 6+C+<f + &C. + /=(fl+i+C + &C. + ^;r> 

or, i£ s be the sum required, •,• 6 + c + &c. + / is the whole 

series except the first term, and a + b +c + &c + k the whole 

series except the last term, 

s^a = (s — J)r^ 

= rs — rl^ 

,\ (r - l)s = rl - a^ 

rl'-a 
• • s ^ ~" • 
r- 1 

By substituting in this formula the given values o( a, /, 

and r, for any proposed series, the sum s is found. 
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Ex. Find the sum of the series 1^ Q, 4, 8^ &c, 1024. 

Here a = l, / = 1024, r = 2, 

2x1024-1 ^^,^ 

.% * = — - — ; = 2047. 

2 — 1 

That this is the correct sum of the series may be verified 
by actually adding together 1, 2, 4, 8, l6, 32, 04, 128, 256, 
512, 1024. 

[^Exercises Zb^ 10... 13, p. 137.] 

100. Having given two quantities a and b, find another 
jr, so that a, a:, 6, shall be in Geom. Prog, (The middle 
quantity x is called the Geometric Mean between a and b.) 

Since a^ x, 6, are in Geom. Prog,^ by the supposition, 

- = Com. Ratio = - , 
a X 

.% a^=^ab, 

and X = Jab, 

Hence it appears that the Geom. Mean between any two 
quantities is the square root of their product. 

Ex. 1. The Geometric Mean between l6 and 64 is 

yi6x64 or ^1024 or 32; that is, l6, 32, 64 are in Geom, 
Prog., as they plainly are. 

Ex. 2. The Geom. Mean between -y, and - is ^ / y- 

b a V o fl 

or J\^ or 1 ; that is, j, 1, - , are in Geom. Prog. 

^Exercises Z6, 14, 15, p. 137.] 

101. Having given two quantities a and b, find two 
others, x and y, such that a, ar, y, b are in Geom. Prog. 
This is called inserting two Geometric Means between a 
and b. 

Let r be the unknown Com. Ratio, 

then j?=«ar,] 

tf =ixr\ , by definition. 

From 2nd equation ^r = j?r^, multiplying by r, 

.". xr^ = b. 
From 1 St equation xr* = ar^, multiplying by r*, 

/. ar^^b. 
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a 



... r=^-. 



Hence x^ajLi -, and y =z xr ^ ai/^ -A • 

102. The same thing may be done more easily as 
follows: — 

Let a, ar^ ar^, b, be the quantities, r being the unknown 
Common Ratio, to be found. 

Then, the Common Ratio, or r, = — 5 , (Art. 96,) 
/. T^ = --> multiplying by r% 

... r = ^-. 

And the means are «.vv/-> and «(\/~") ? *s before. 

By this latter method any number of Geometric Means 

may be inserted between two given quantities. 

1 3 

Ex. 1. Find the Geometric Mean between -- and -. 

3 4 

Required mean ^ aJ \^i=^ ^ \-\' 
Ex. 2. Insert two Geometric Means between - and 3. 

Let X be the Coinmon Ratio; then the series is 

11 1 , „ 
9' 9""' 9"^' ^' 

.*. 3 -^ - j;* = Com, Ratio = «, 
J/ 

.*. the means are Trx3, and -xS*, 

that is, -, and 1. 
{Exercises Zb^ 16... 23.] 
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EXERCISES. 1h. 

Find the 'Common Ratio' in each of the following 
series in Geom, Prog, : — 

(1) 100, 200, 400, &c. 

(2) 2i, 5, 10, &c. 

(5) g,l,3,&c. 

(5) ^^^>&c. 

(6) 0-1, 0-01, 0001, &c. 

(7) 1-25, 2-5, 5, &c. 

(8) ax, ^a'x, 4a^a?, &c. 

(9) -,-jj,-p,&c. 

(10) The first two terms of a series in Geom, Prog. 

are — , and 1, what are the next two terms ? 
3 

(11) The first two terms of a series in Geom, Prog, are 
125, and 25, what are the 6th and 7th terms? 

(12) Find the sum of 5 terms of a series in Geom. Prog. 
of which the 1st term is - , and the fifth is 9- 

(13) Find the sum of 4 terms of a series in Geom. Prog. 

of which the first term is -— - , and the 4th is 2. 

27 

(14) Find the Geom. Mean between SO, and 7^. 

1 3 

(15) Find the Geom, Mean between - , and - . 

(16) Insert two Geom. Means between 5, and 320. 

(17) Insert two Geom, Means between 1, and -. 

(18) Insert three Geom. Means between 6, and 486. 

(19) Insert three Geom. Means between 100, and 2^. 
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(20) Which is greater the Arith, Mean, or the Geom, 
Mean, between 1 and ~? and how much greater? 

(21) Are -, x, xy, in Geam, Prog,? and if so, what is 

the ' Common Ratio'? 

(22) A series of terms are in Geom, Prog.; the sum of 
the first two is 1^, and the sum of the next two is 12. Find 
the series. 

(23) A farmer sowed a peck of wheat, and used the 
whole produce for seed the following year, the produce of 
this 2nd year again for seed the 3rd year, and the produce 
of this again for the 4th year. He then sells his stock after 
harvest, and finds that he has 12656^ bushels to dispose of. 
Supposing the increase to have been always in the same 
proportion to the seed sown, what was the annual increase? 



MISCELLANEOUS EXEKCISES. 

FIRST SERIES. 

What are the ^terms' of a quantity in Algebra ? What 
are the terms in each of the following quantities ? 

(1) 2ab + xj/, (2) mx-na^^ (3) a" + i*-2a6. 

(4) What is the coefficient or cof actor of x in 2jr' ? 

(5) What is the coefficient of d? in 5 + a: ? 

(6) What is the coefficient of 6 in 36 ? 

(7) Do ahc, bac, cba, all mean the same thing ? 

(8) What is the quantity made up of the factors 3, x, 
m*, and n ? 

(9) What is the quantity made up of the factors ax, 
9hy, and jsr? 

Find the value of each of the following quantities when 
a = 4, 6 = 6, and a? = — 2 : — 

(10) 2a6-j?, (11) 2a*-5» + a?', (12) aa^-bx. 

(13) What is an 'Index' of a quantity? Which is the 
index in the quantity 3a* ; and of what is it the index ? 
Express 3a* in words. 
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(14) Find the value of — 5 — -, , when a =2, and j?=- - . 

(15) Find the value of — ^, when a = 3, 6=-2, 

c = — 4. 

(16) Multiply 2a - 36 by 2a + 3b. 

(17) Multiply 3m + it by 3m -n. 

(18) Multiply 4a" + 3ab + 2b* by 2b* - 4a'- 3a6. 

(19) Multiply 3a* by 5a*, and the product again by 7a*. 

(20) Multiply a"+* by 2a, and the product again by a*^. 

(21) Multiply ma'^b'' by wa6. 

(22) Shew that a + 6 multiplied by a — b is equal to 
a" — ^'j and express this result in words. 

Verify the result when a = 10, and A = 8. 

(23) Shew that a + 6 squared is equal to a* + 6' + 2a6, 
and express this result in words. 

Verify the result when a = 10, and i = 8. 

(24) Divide 15aV^ by 3ax*y^ and the quotient again 
by 5ax. 

(25) Divide 105a*a: - 140a'a:' by 35a*x. 

(26) Divide 8aj?- 46cjr + 18ar'^ by 2x. 

(27) Divide 5M + 189 by 28a«- 42a + 63. 

(28) Divide 46*- 1 Ga^- 24a»6 - ga*b* by 4a' + 3a6 + 2b\ 

(29) Divide 9a*"- Qa% + 6" by 3a»- b. 

(30) Split up into its simple factors 48a'6jr'. 

(31) Split up into simple factors l6ar'^* and 2Saxy; and 
find the o.c.m. of the two quantities. 

(32) Find the g.c.m. of 9a*6c, 2a'6', and fabc. 
{33) Find the g.c.m. of a* — a?, and {a + x)*. 

(34) What are the/actor* of a' + 6' + 2a6 ? 

(35) What are the factors of a' - 6" ? 

(36) What are theyador* of 4ir* - a' ? 

(37) What are the factors of 1 6a'6" - ^x* ? 

(38) Find the l.c.m. of a, 2a, 4a, and 6a. 

(39) Find the l.c.m. of 4*, 5^, 3xy, and 2y*. 
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(40) Find the l.c.m. of 2a'jr, Sao?, and So?". 

(41) What does -, — j ? become, when « = 6 = - c? 

(42) Simplify l-x + - . 

(43) Simplify l-2a: + . 

1 "T *r 

(44) Simplify — (a - a:). 

Reduce to lowest terms : — 

(47) One factor of a?" + 2a? — 3 is a: — 1, find the other. 

(48) One factor of or' + 7a? + 12 is x + 3, find the other. 

(49) Two factors of or" — 7a: + 6 are a? — 1, and a? - 2, fine 
the other. 

{50) Add together r , ok y ^"^ 71 • 

r \ All 1 2fl 0? — 2a - flr 

(51) Add together , , and 



a — x a — x a—x 



(52) Add together , and 

^ ^ ° n-or w + j? 

•P 4" 7 07—3 

(53) From subtract . 

^ ^ ar-2 a:-2 

(54) From subtract . 

(55) Multiply ^ by a - 1. 

(56) Multiply ^4- 1 by I . 

,^ \ ■»* 1 . 1 2a-6a? , Qx — n 

(57) Multiply ^^^^-^ by ^^. 

(58) Divide |^^by^-|. 

(59) Divide .-j% by '-^. 
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(60) Dmde^+— --by--3 

Simplify 
(()l) or— (o — or), 

(62) 9-- 2a -(3 -5a). 

(63) aa?-a{a? — a(^ — a)}. 



(64) l-i{l-l(l-4*)}. 

(65) ii-i{3a+6-^(3«-S)}. 



n 



(^^) o C^'* — n — l.b), when a= 4, 6 = 7, and n = 1 1. 

(67) What is meant by an * Equation'? Is jr + ip = 2j: 
an 'Equation'? If not, what is it? 

(68) What is meant hy ' Solving' an * Equation'? What 
is the ' Solution' of the equation 4? + 10 = 20 ? 

Solve the following equations : — 

(72) 3(x + 5) = 4(51-j'), 



m |+8=f +3. 



(70) 2^-g^ = 5i-^ar. 



(71) f ^¥=4|-'t 



2 
3 



(73) 52-5(2jr-l) = 27. 
(^*> 7i^2=14- 



(75) k5x-7)-k^-9) = 3|. 



(76) 
(77) 
(78) 



3^'~ " 5 
7a? + 4 4ic — 1 
■~4 7~ 

4ar+27 9^^-12 



= 5(20 -or). 

9(4j:-6) 



2 2 

9^ + 7 /_ 9Jf-7 



= 24 



10 



'i^-{.-S^.se. 



(79) |»-5(-'-«)-j{»-5(2*-'))-5<»-5)- 
2* + 8 8* - 2 



(80) 
(81) 



4 



5 



= 6i. 



24? - 3 _ 4cr~5 
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(82) 


^ y A \ 




7Af ,, 5* 1 


(83) 


lx^\y^m, 1 




7^ + 4a? = 584, j 


(84) 


1 1 

2 3*^ 



6(jr+3^)-3(ar-j^)=S9, 



(86) 1+1 = 2, 



(87) 



(88) 




8x + -5^ = 4i, 



(89) |5^ + ^*=17,] 

;^ V - « ' = 4|. 
2*^ 8 3 



(90) Two-thirds of a certain number of persons re- 
ceived \s, 6d, each, and one-third received 2^. 6d. each ; 
the whole sum distributed was £2. 15^., what was the 
number of persons ? 

(91 ) I have 3^ times as many shillings as half-crowns, 
and altogether my money amounts to 4 guineas. How 
many of each coin have I ? 

(92) Divide 17 into two such parts that one of them 
shall contain the other 17 times exactly. 

(93) Divide the decimal fraction 0*03 into two others, 
which differ from each other by 0003. 

(94) A travels at a certain rate : had he gone half a 
mile per hour faster, he would have done the journey in 
four* fifths of the time ; whereas had he gone half a mile 
per hour slower, he would have been 2^ hours longer on 
the road. What distance did he go ? And at what speed ? 

(95) At what time after 3 o'clock are the hour and 
minute hands of a watch together ? 

{96) A wine-merchant has two sorts of wine, one of 
which he sells at 3s,, and the other at Is, Sd. per quart. 
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He wishes to have a mixture of the two amounting to 50 
quarts^ which he may sell at 2^. 6d. per quart, and make 
the same profit. How much of each sort must he take ? 

(97) The rent of a farm is paid in wheat and barley. 
When wheat is at 55s, per quarter, and barley at S3s., the 
portions of rent for wheat and barley are equal ; but when 
wheat is at 65s. and barley at 41 f. the whole rent is increased 
by £7. What is the corn-rent ? 

(QS) A certain number of sovereign s> shillings, and 
sixpences together amount to £8. 6s, 6d, in value ; and the 
value of the shillings is less by a guinea than that of the 
sovereigns, and greater by a gumea and a half than that of 
the sixpences. How many of each coin were there } 

{09") A sum of money is divided in equal portions 
among a number of persons: if there had been 5 persons 
more, each would have received \s, 9^. less: and if there 
had been S fewer, each would have received \s, Qd, more. 
What was the sum divided? And what was the number 
of persons ? 

(100) Find the number which increased by 2 is con- 
tained exactly as many times in 30, as the same number 
diminished by 1 is contained in 15. 



MISCELLANEOUS EXERCISES. 

SECOND SERIES. 

[The following Examples and Problems are for the most part not 
original, but selected from College Examination Papers and various other 
quarters.] 

Simplify the following algebraical expressions : — 

(1) (2c-Sr)jr-(c- l)ar-(c-2r)a?-ar. 

(2) (5 - b)x'-'{q + h)x' + Sba^ - 2x', 

(S) (a - 2p)af+{a + ^p)x*-{p - a)j^-x\ 

(4) Is it correct to make 7 equal to — 7- ? 

a — o a 
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(5) Is it correct to make equal to ? 

(6) What is the value of ^ — -y — — ^ , when a = 6 =- c 

(7) From 2(a + ^>) - S(c - cQ subtract a + 6--4(c-^ 

(8) From (« + 6)a? + (6 + c)y subtract (a - i) jr — (6 - c) j 

(9) From fix — -j- subtract 5 \.x— -r . 
'°) ^■••"» 4^ '"^*'""* 1^) • 



» , n' 



1 1) Add together and 



12) Multiply ^ + I by 6. 



n + 1 « + 1 

2 ' 3 



IS) Divide 1 + or by i + 1. 

X 

1 4) Divide a* + 46* by a" - 2a6 + 26". 

15) Divide 7^ + or - 5^?* - 3a?* by 1 - 3;r. 

a* 6* 

16) Divide a + 6 + -^ by a + 6 + — . 

17) Divide a- ^(a - 16) by 6 - ^ (a + 16). 

18) Multiply «+l +-by ar-l+-. 

19) Divide a* — i by a — . 

20) Square \x — . 

21) Find the product of 
{ax + a* + J!*)(j? — a){a? - ax + fl')(a + *). 

22) Divide a - 6 by Ja — Jh. 

28) Add together i-g^ and i-g^- 

24) Simplify £^±3|(^±^-^(1±1^±1). 
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Find the values of the unknown quantities in the fol- 
lowing equaitions : — 



30 



15 



4P + 2 «-l 
128 216 



(«5) 
(26) 

(87) 
(28) 

(29) 
(«0) 

(32) i{Sa?-K*-i)}=i^-l. 
J? — 3 a? — 4 14— J? 



42j: 35a? 
jr--2'' j:-3' 
j:*-9 ar + 3 

* + l \ar + S/ 

3 4 5 



(34) 
(35) 



2x-l 2 J? -f 1 
2a?4.l'*"2«^~ 

48 165 



x + S «+10 



-5. 



(36) 3(x-J)-^ = 5. 



li 



ar + 2 
1 4 



1-3* l-2ar 5*-! 
1 2 3 



(88) 



H 6i 



(37) 

(39) K*-l)(*-2)=2i(*-2|). 

(40) i(*+3)(2«-5)=6i(2*-6^. 
2«(a — jr) a 



(41) 



3a "Qx 4s 






(43) I3x+135j^ = 374, | 
123x + 308^ = l600j 

(44) llar+19.y=101, ) 
29«-37y = 5, / 

(45) 56x + 278 = ^l{x+y)A 
285r + 832 = 17(«";y)J 

(46) 2ar + 3j^ = ^{x + 4), ) 

(47) 5(i*-l)=|(^+l)-^ 
i(y-5) = 3j(§-ijx)J 



(48) 



4: + 2 



(49) 



(50) 




j^ + 10 



(51) - 



- + ar + jry=13, I 
«»= 9.) 



10 
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(5d) A pile is one-fifth of its whole length in the earth, 
three-sevenths of its length in the water, and 13 feet out of 
the water^ what is the length of the pile ? 

(53) One-third of a ship belongs to A, and one-fifth 
to Bj and A'a part is worth £lOOO. more than Rs. What 
is the value of the ship ? 

(54) In a company of 90 persons, men^ women, and 
children, there are 4 more men than women, and 10 more 
children than men and women put together. How many 
are there of each ? 

(55) A person is now 40 years old, and his son 9 years. 
In how many years will the father, who is now more than 
4 times as old, be only twice as old, as his son ? 

(56) Two carpenters A and B received £5. 17'» for 
work dcme, A having worked 15, and jB 14, days; and A*8 
wages for 4 days exceeded ^s for 3 days by lis. What did 
each receive per day ? 

(57) Seven horses and four cows consume a stack of 
hay in 10 days, and two horses can eat it alone in 40 days; 
in how many days will one cow be able to eat it? 

(58) A person was asked to state the ages of himself, 
of his father, and of his grandfather. He replied, 'My age 
and my father's amount together to 56 years, mine and my 
grandfather's to 80 years, and my father's and grandfathers 
to 100 years. What was the age of each ? 

{59) A boy spends 5«. in apples and oranges, buyim^ 
the former at a penny, and the latter at 4 a penny. lie 
afterwards sold two-thirds of his apples and half his orances 
for 3s. taking only cost price. How many of each fruit did 
he buy ? 

(60) A wine merchant has 4 dozen bottles of wine of 
a superior quality, which he must sell at 4 guineas a dozen, 
to make the necessary profit. But to get rid of it the sooner, 
he mixes with it just so much of an inferior wine worth 
24iS, per dozen as will enable him honestly to sell the mixed 
wine at 54ts. per dozen, and obtain the same profit upon die 
superior wine. How much of the inferior wme is used? 

(61) Divide the number n into two parts, so that one 
shall be n times as great as the other. 
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(jSi) A person was about to relieve a certain number 
of poor persons by giving them 2s, 6d> each, but found he 
had not money enough in his pocket by 3s. He then gave 
them 2s, each, and had 4^. to spare at last How much 
money had he, and how many persons did he relieve ? 

(63) A hare is started at a distance equal to 50 of its 
own leaps before a greyhound, and takes 4 leaps to the 
greyhound's 3 ; but 2 of the greyhound's leaps cover as much 
ground as 3 of the hare's. How many leaps will the grey- 
hound take to catch the hare ? 

(64) A father leaves to his children a certain sum which 
is to be divided as follows: — The oldest is to receive XlOO, 
and the 10th part of the remainder : the second is to have 
£200^ and the 10th part of what then remains: the third 
£300f and the 10th part of the remainder ; and so on, to 
the last Now it is found that all the children have> by this 
complicated scheme, received exactly the same sum. What 
was the whole fortune, and the number of children? 

(65) A certain waggon has a mechanical contrivance 
which marks the difference of the number of revolutions 
of the fore and hind wheels in any journey. The rim of 
each fore-wheel is 5^ feet, and of each hind- wheel 7^ feet: 
find ttie distance travelled when the fore-wheel has made 
exactly 2000 revolutions more than the hind- wheel. 

{66) A person has a certain number of sovereigns which 
he tries to arrange in the form of a square, placing them as 
dose together as possible on the table. At the first trial he 
had 130 sovereigns over; but when he enlarged the side of 
the square by 3 sovereigns, he had only 31 over. How 
many sovereigns had he ? 

(67) A farmer bought a certain number of sheep for 
£94: He lost 7 of them, and sold one-fourth of the re- 
mainder at prime cost for £20. How many did he buy ? 

(68) In three drawers there is altogether a sum of 
£162. In order that each drawer may contain the same, 
I take out of the first to put into each of the other two the 
half of what each already contained. I then take out of the 
second, and afterwards out of the third, and each time put 
into the two other drawers half of what each already con- 
tained. I have thus attained my object How much was 
in each drawer at first? 

10—2 
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(69) A person bought a quantity of cloth for dBl2, If 
he nad bought one yard less for the same money it would 
have cost Is, a, yard more. How many yards did he buy ? 

(70) Divide 100 into two parts, so that the difference of 
their squares shall be 400. 

. . 62 ■ 8 

(71) The sum of two fractions is ^ , their difference ^ , 

and both fractions are in lowest terms. What are the 
fractions ? 

(72) A traveller set out from a certain place, and went 
1 mile the Ist day, 3 the 2nd, 5 the next, and so on^ in- 
creasing by 2 miles every day. After he had been gone 
3 days, another sets out from the same place on the same 
road, and goes 12 miles the first day, 13 the 2nd, and soon. 
In how many days will the latter overtake the former ? 

(73) The numbers of boys in the 3 classes of a school 
were as the numbers, 5, 7^ 8. At the next inspection the 
1st class was found increased by 4 boys, the 2nd had gained 
two-sevenths of its former number, the 3rd was doubled, — 
and the whole number of additional scholars was 34. What 
were the numbers in the classes at the first inspection? 

(74) If the interest of the National Debt be reckoned 
30 millions sterling per annum, and 3 per cent, the average 
rate of interest paid, what reduction in the rate of interest 
would give the same relief to taxation as the paying off 200 
millions of debt, and allowing the interest paid on the re- 
mainder to continue the same ? 

(75) The Speci/ic Gravity of silver is 10^, that of cop- 
per 9, and a certain compound of the two is found to be of 
Specific Gravity lOl. What quantity of each metal is there 

in 148 lbs. of the mixture? 



(76) If a : i^ :: 6 : c, and b : c :: c : d^ shew that 
a : d :: a^ : b^; and that a + b : b-hc :: b -he : c-^d. 

(77) If 6ar-a : 4x-ft :: 3x + b : 2a? + a, find «. 

(78) If a : 6 :: c : e/, shew that 

a : a-hb :: a-^ c :iJr + A + c + c?. 

(79) Divide 20 into 3 parts, such that the ratio of the 
first two shall be 2 : 5, and that of the last two 5 : 3. 

(80) Find two numbers in the ratio 1^ : 2§, and such, 
that when each number is increased by 15, they shall be 
in the ratio l| : 2^. 
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(81) A quantity of milk is increased by water in the 
ratio of 4 : 5, and uien 3 gallons are sold ; the rest being 
mized with 3 quarts of water is increased in the ratio of 

6 : 7* How many gallons of milk were there at first ? 

(82) Given that the solid content of a globe varies as 
the cube of its diameter, what ratio does the content of a 
globe whose diameter is 4 inches bear to that of one whose 
diameter is 8 inches ? 

(83) Given that the illumination from a source of light 
varies inversely as the square of the distance^ how much 
farther from a candle must a book, which is now 8 inches 
off, be removed, so as to get halfsLS much light ? 

(84) Given that the content of a cylinder varies as its 
height and the square of its diameter jointly y compare the 
contents of two cylinders^ one of which is twice as high as 
die other, but with only half\X& diameter. 

{35) If a servant agree with his master to receive, for 
his wages, a farthing for the 1st month, a penny for the 
2nd, four pence for the 3rd, and so on; what will 12 months' 
wages amount to ? 

{36) Distribute 250 policemen among 4 towns in pro^ 
portion to their respective populations^ which are 5300, 
2940, 680, and 1870. 

(87) Two globes of metal whose diameters are 6 in. and 

7 in., are melted down and together formed into a single 
globe ; what is the diameter of the new globe ? (See 82.) 

(88) On the 1st of Jan. 1799> & poor man received from 
A as many groats as A was years old, and a similar gift each 
January for the seven years following^ in the last of which 
A died, his alms to the poor man having amounted in all to 
£7. I3s, 3d. What was A'% age when he died? And in 
what year was he born ? 
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EXERCISES. 


A. 






(1) 20. 


(5) IS. 




(9) 


SQ. 


(2) 6. 


(6) S5. 




(10) 


62. 


(3) 14. 


(7) 62. 




(") 


0. 


(4) a 


(8) 10. 




(12) 


2. 


(13) Sa. 


(16) 2, 26, 


i;e, Shx^ «n, 


««, /w, 6xy. 


(14) 6ab. 


(17) 5. 




(19) 


12. 


(15) 6a. 


(18) 11. 


— 


(20) 
(28) 


7. 


(21) 30. 


(24) 3. 


14. 


(22) 10. 


(25) I. 


■ 


(29) 


3. 


(23) 9. 


(26) 23. 

(27) 14. 




(30) 


m + K — p. 




EXERCISES. 


B. 




(1) IS. 


(6) 49i. 




(12) 


1. 


(2) 0. 


(7) 23. 




(IS) 


3m+6n-4p. 


(3) 114. 


(8) fw+8ln- 


-64p. 


(14) 


4. 


(4) 657. 


(9)2. 




(15) 


2. 


(5) 0. 


(10) 6. 




(16) 


1. 




(11) 25. 






(17) 2. 


(19) 20. 




(21) 


1. 


(18) 8. 


(20) 6. 
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EXERCISES. C. 




(0 


ga + 2^. 




(16) 


8a& + oo - 1. 


(2) 


2a. 




(17) 


4* + Jty. 


(S) 


2a - 26. 




(18) 


2 + 5a. 


(4) 


2a. 




(19) 


2a + 6e. 


(«) 


2a + 2c. 




(20) 


Sa» + fl6-26*. 


(6) 


2 + fw + n. 




(21) 


6—5*. 


(7) 


7»«-l. 




(22) 


2<ic + 2&i. 


(8) 


4^^ + 4d;. 




(28) 


2a«-2fcy. 


(9) 


p - g + 8. 




(24) 


S^y - Seuey—ifx + :f. 


(10) 


6a6 — 6c. 




(25) 


fim+fw — » + 1. 


(") 


Sax + 26y. 




(26) 


3a: - 2y. 


(12) 


5a - 56 + 5c. 




(27) 


20?" + 2a». 


(13) 


4ary — iP - 4. 




(28) 


a« + 6» + c«. 


(14) 


3q-2p-{-pq. 




(29) 


j:« + xy +y'+mx -f iiy. 


(15) 


SLf + 29«. 




(80) 


•f-arf + ln 


bd''cd + ^ab '- ac. 




£. 


XRRCl 


SES. D. 


0) 


a — 6 + x. 






(11) xy + 3mx. 


(2) 


26 - 2c. 






(12) 3a6c - 3a6 - 2ac ~ 1 . 


(S) 


ba *- 3c. 






(13) 6« + 3c'. 


(4) 


8a - 76. 






(14) 2ax-.2a*-2«*. 


(5) 


x^y-^z. 






(15) 2a*6 + 3a"c + 2c». 


(6) 


ax + 2by — 2c. 






(16) 2ay + a-l. 


(7) 


be - 2a6 + 2a. 






(17) iox-ay+l. 


(8) 


2«". 






(18) ia + -|-6^^. 


(9) 


xy + Sa^+Si/'n 


1 




(19) 45^ and 15^ years. 


(10) 


17111 + 4m — 4». 






(20) I, 


and ^. 




E 


XERCI 


8ES. £. 


0) 


abxy. 


(4 


) 8(U! 


y- 


(7) Sm-k-Sn-^ Sp 


(2) 


— 3m;tp. 


(« 


) ahc. 


\ 


(8) apx-k-bpa^. 


(3) 


— 8ajry. 


(6 


) 8m» 


np. 


(9) ia^d-h^kibd. 
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JJQfWBBS TO XHE BXBRdSBSI. 



(10) 


4ia^a - 2a*j?"y. 






(14) 14a:*^-21Jf. 


(11) 


— SJi^y + 2«y — 6jy. 


(15) 4iaa^yz-^2bxt^z^2cxys^. 


(12) 


— Sii + 6nax - Qnb^* 


(16) 2a% - ^'oy + bdy. 


(18) 


- 4iabx + 6aca? - lObdx. 




25*y - a«^ — 6y'. 


(1^) 


ab -^ bx + aif -h xi/. 


(23) 2a4?* + 


(18) 


&F*-2arr^4- 


(24) a*-flar-&i?*. 


(19) 


x»- or -12. 


(25) S5ar'-33jr + 4. 


(20) 


6ar« - 19*+ 1 p. 


(26) 8(My - 1 26y - 6aa?« + 9%. 


(21) 


l-o:*. 


(27) 2m + n - 4m"ii - 2mn'. 


(22) 


« - Sx* + 2«*. 


(28) a»c-.fl6c"-a'6« + 6»c. 




(29) 4? - y + 2a?* + ary- 3y\ 




(30) ab-hbx-bi/-a^'-xy+ y . 




(31) 2a'(?-. 
a*-l. 


Sfl6c + iV + 2a'( 


-81. 


(32) 




(37) or* 


(38) 
(34) 


8«» + 27. 


(38) 4aV - 95y. 


(35) 


l6 + 4jj* + ar^ 


(39) 4a* - 9fl«6» + 6a6» - i*. 


(36) 


a*-3aV+2a! 


\ 

» 


(40) a" 


-1. 




EXERCISES. F. 


(1) 


«. 


(5) 3x. 


(9) -S«. 


(2) 


7. 


(6) «. 


(10) 2aa!y. 


(3) 


7*. 


(7) -«^. 


(11) -14iMr. 


(4) 


a. 


(8) -ay. 


(12) 26*. 


(13) 


3c - 26rf. 


(15) -4jf + 3y. 


(17) -2aj?+46+l. 


(14) 


2c-6£f. 
«+l. 


(16; 
(23; 


I l + 8ac-2&c. 


(18) /^^Sbx+dx". 


(19) 


) a + 2. 


(27) a-^-c. 


(20) 


c + rf. 


(24) 2a6. 


(28) 5a* + 3ar'. 


(21) 


S-6. 


(25) 3ar - 5. 


(29) p'q+i>pq'+2q*. 


(22) 


2a - 5x. 


(26) 3ar'-d: + 2. 






(30) aa^-bx^-a^x + abx + a'- (^b. 




(31) 1 


6;c* - 24«» + S6a?« - 5 


4* + 8;. - 



.AMSWERS TO THE KXBBCIBBBi 



)fi3 



f 




EXERCISES. G 


0) 


4. 


(6) ajM?. 


(2) 


25. 


(7) 5ajbx. 


(3) 


20. 


(8) 3a«6*. 


(4) 


«. 


(9) 9a*b'c\ 


(5) 


&«•. 


(10) 7»»»p- 



(1) 

(2) 
(3) 
(4) 



0) 
(2) 
(3) 



(1) 
(2) 
(3) 
(4) 
(5) 
(6) 



l68. 

240. 

56. 

168. 



2a 
T' 

26. 

4i« 
^* 

bx 



(*) ^ 



2 • 



6x 

T* 

5a6 

6 * 
3a+l 

8 • 
2a 

5 • 
6iF — 4 

'I I _ 

7 ' 
IOj-2 
21 



(5) 
(6) 
(7) 
(8) 



a 



2bx' 

m — n 

mn 

2ar-S 



(8) 5:. 



(9> 
(10) 

(") 
(12) 



a& 
j^+y*+2«y 

6c+2c+S 

oic 
19* -28 

6 
84X-28 

12 



(12) 

(18) 
(14) 



EXERCISES. H. 

(5) 252a 

(6) 42504. 

(7) dbx. 

(8) 204^. 



(9) 
(10) 

(11) 
(12) 



EXERCISES. I. 
5x* 



(9) 
(10) 

(11) 
(12) 



EXERCISES. J. 



(13) 
(14) 



(15) 



ctxy. 
2 

d. 

X. 



^4x. 
abc. 
2ary. 



2a + S 

26 + 1 

— • 

a 

^a-'Sx' 
n — m + p 
tn — n-hp 



54a^lS 



50 



62 
15ar 

41 






20^ 
(18) ft - • 



IM 


AUSWBBS TO THE EX] 


WXSi 


VOk 




<^9) 10- 




(24) 


4a? + l6 

0?+ 1 




(29) 


acx 
b'-^bcx' 


(20) f . 




(25) 


2 

""" • 

0? 




(80) 




(21) |. 




(26) 


2ar* + a? 

a?*+3a? + 2* 


(31) 


1 


l + a?*+2ar 


(22) ';^ 




(27) 


Sx-^SS 
42 • 




(32) 


4a?y 


(«^) '-^^• 




(28) 


17a?- 84 
50 


• 








EXERCISES. K. 






(1) |. 

(2) S«. 

(») ¥• 

(4) 2*. 

(5) 2a-8«. 

(6) 38*. 

(7) 8«. 


(8) 9* -15. 

(9) 60 + 45ar. 

(10) 16 -14a?. 

(11) 720? + 156. 

(12) 4a? -2. 

(18) 6a? + 8. 
(14) Sx-'B. 


(15) 10-*. 

(16) ?. 

(17) «'. 

(18) '-^. 

(19) |. 

(20) ^'^-^-^-i 


(21) |. 




(24) 


Sx 




(28) 


5^ 

28* 


(^«) ';• 




(25) 


m 

p 




(29) 


26» 
8 • 


(23) |. 




(26) 


• 




(30) 


2<i«' 
6c • 


» 




(27) 


1+2& 
4 • 








(81) «'+2 + ^ 






(85) 


«»'-S>» + 2 
6 


(82) y + i+2. 


• 




(86) 


8 1 *• 
4"^2'J'' 


1 a* 


(84) 1. 




• 




(37) 
(38) 


ah 
a' 
if 


• 
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(39) 

(40) 
(41) 
(42) 



(1) 
(2) 

(3) 
(4) 
(5) 

(6) 
(7) 



ix+ 1 
«r-2 ' 

2i-6a 
2a6-6'* 

4— « 
"4"" 



2a" -2&'. 

7 + 5*. 

5a 3j? 
"2"""2 • 
6. 



(1) a:-6. 

(2) ar=l. 
(S) or = 6. 

(4) a? = 8. 

(5) x = 3. 
(V) jr-4. 

(7) or = 2. 

(8) «=1. 

(9) ^«=10. 

(10) ar-8. 

(11) ar=:5. 

(12) a?*12. 



(44) i. 

(45) «-^. 



(46) 






EXERCISES. L. 

(8) «*' + &af». 

(9) 6-5j?. 
l-«. 

(11) 5a -Sc. 

(12) a'. 
l-x\ 



(10) 



(13) 
(14) X. 



4? = 4. 

(16) jr = 12. 

(17) « = 9. 

(18) « = 7. 

(19) « = 10. 

(20) 
(21) 

(22) 4P = 5. 



X'^SO. 
X'^5. 



(23) 



7. 



(15) f. 



(«6) :: 



(17) 



EXERCISES. M. 

(IS) «=1. 
(14)_«-i^ 

(15) 



(24) * = 7. 



6 

^ • 

a 
2 + x 



(18) 1. 

(19) ar« + jr. 

(20) W - a\ 



(25) 
(26) 
(27) 
(28) 
(29) 
(SO) 
(31) 
(32) 

(S3) 
(34) 

{S5) m 



X 

X- 
X 
X 
X 

X 

X'' 

X 

X 

X 



7. 

14. 

60. 

84. 

S5. 

5. 

7. 
2. 

9. 



7. 

4. 

(36) x^S. 
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AMSWEBS TO XHB EXERCISES. 



(0 

(2) 

(3) 

(*) 



X 
X 
X 
X 



= 5. 
= 5. 

= §• 
= 10. 



(1) X 

(2) X 



4. 

1 
6* 

1_ 
20 



(1) 16. 

(2) 12. 

(3) 18. 

(4) 60. 

(5) 10. 

(6) 10, and SO. 

(7) 10^, and 14 



EXERCISES* N. 

(5) « = 6i. 

(6) « = 4|. 

(7) a? = 3. 

(8) x^T. 

EXERCISES. O. 

(4) * = ^- 

(5) J? «= 18. 

(6) jr = 8. 

(7) « = 8. 



(9) 
(10) 

(11) 
(12) 



« = 14. 
« = 2. 



(8) « 

(9) « 



(10) 

(n) 



Jp = - 



8. 
12. 

1 

4* 
2. 



07) f 



(8) liandSj. 

(9) 6». 6d., 5s. 6d.y 4«. 6<{., and St. 6d. 



(»«) !• 



EXERCISES. P. 

(10) 5, 6|, 9, and 12i, feet. 

(11) 8, and I6. 

(12) 8. 

(13) S, and 40. 

(14) 24,and6,yr8. 

(15) 35,36,and71. 

(16) 44, and 36. 



(19) 240. 

(20) 27nna.beforel. 

(21) 27nni. pa8t5. 

(22) 2 miles. 

(23) 4| miles: ' 

(24) 22, 7, X2, gall. 

(25) 3sAl-^d.,U.S^d. 



(1) ' = 



X 

y 

(2) X 

y 

X 

y 

X 

y 



:f} 



(3) x^ 

(4) «= 






EXERCISES. Q. 

(5) x=l, 
y = 2. 

(6) * 



«-7, ) 

:} 



(7) * = 

(8) « = 2 



:t} 



(9) « = 2, 

(10) «=n,) 

00 *4' 
1 



ANSWERS TO THE EXERCISES. 
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(12) 


« = 5,l 
y-4-/ 


(15) 


1 a 


= 6. 1 


(18) 








^ = 10./ 




(18) 


«=10, ) 

y = 7. / 


(16J 
(17) 


1 * = S, 1 

y=io. r 

*=8, y 


(19) 


^ = 8,) 


(14) 


*-5,) 




(20) 


J? = 8, 

y = 8./ 






£X£RCIS£S. R. 






0) 


« = 2, 


(5) 


* = 4, i 

y=2i./ 


(9) 


a? = 5, 
J^ = 9. / 








(2) 


* = ii,) 
y=9. / 


(6) 


X = 144, 1 
i^ = 216. / 


(10) 


*=1S, 


(3) 
(4) 


x = 6,\ 
* = 8, \ 


(7) 


«=114,) 


(") 


j?=7, ) 

y = 10. / 


• 


(8) 


ar = 40, ) 
y« 16. / 


(12) 


^ = 7,) 
J^-4. 1 






EXERCISES. S. 






(1) 
(2) 


^2y and 26. 
£15, and £35. 






(6) |. 






(3) 


24 men, 20 w< 


omen. 


- 


(7) H 


and 6. 




(4) 


15 men, 22 w< 


)men. 




(8) 12, 


, and 18. 

• 


(5) 


7 






(9) 11, 


and 5i 


, gall. 


18' 






(10) A.I 


K 1752. 






EXERCISES. T. 




(1) 
(2) 


25aV. 
25«'xy. 


(6) 




(9) 




(3) 


49a'J*. 


(7) 


9aV 

46y • 


(10) 


4** ' 


(5) 


49a'&V. 


(8) 


«7 

4c'* 


(H) 


10 
25a*6V • 
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(12) 
(IS) 

(14) 
(15) 

(16) 
(17) 

(18) 



AN8WBB8 TO THE EXEBCiSBS. 



a» 4- 1 + 2a. 
a*6» + 1 + 2ab. 
x^ + Q+Sx. 

4»i" + n' - 4»w«. 

4 



(1) 
(2) 

(S) 



2a6. 

Sax 
"25' 



(IS) a?' -12a? + 36. 
(14) j:»-14jr + 49. 



(15) j:*+llar+ 



121 



(16) ar*+2j? + l. 



(1) * 
(2) 

(4) 



j: = «fc 



d: = 



±6. 
4. 
1. 



(19) x' + ^ + Sx. 

(20) wiV + n*+ 2mRjr. 

(21) 4ot V + n* — 4mit J?. 

(22) a»6 V + c« + 2aicar. 

(23) 9**y + a* - 6aa!y. 

(24) i«*6'+c* + a6c. 



£X£KCIS£8. U. 
2ab 



(7) 1 - «. 

(8) 2«+l. 

(17) a^-^ + i. 
(18)-'.f-^|. 

(20) *»+lx+±. 



« = :^4. 



(9) Sa-h. 

(10) S« + 1. 

(11) x + i. 

(12) x-i. 



(21) *'-l* + ^. 

(22) *'-|*+i^. 

(23) ^-f .|j. 



EXERCISES. V. 

(5) « = *2. 

(6) * = ± 5. 

(7) « = *5. 

(8) or = * 3. 



(9) 

(10) 
01) 

(12) 



X 
X 



-I- 

*2. 
»fc2. 

l^ori 



aubwbbb to the exbrcum* 
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(1) * 

(2) X 

(5) 
(4) 
(5) x^ 

(6) 

(7) 

(8) 

(9) 
10) 

11) X 
12) 



14) 
15) 

16) 

17) 
18) 

19) 
20) 



X 

X' 



X 
X 

X 
X 
X 



« = 



13) X 



4? = 



Xss 



X = 



J? = 



5, or -2. 
A, or 1* 
8> or 2. 
90, or -6. 

2, or 10. 

2. 

6, or 1. 
6, or — 5. 
1^, or -2. 
6, or -4^. 
6, or - lOj. 

li or-. 

3, or-S. 

6, or - lOf 
6, or - 5|. 

,1 15 

1, or-. 
2|, or -2. 
li> or-g. 

2, or-1^ 



EXJBRCISES. W, 

(21) 
(22) 

(23) 

(24) 



(25) 
(26) 
(27) 



X 

Xi 

X' 
X 

x> 

X'- 
X- 



(28) 

(29) « 

(so) X 

(31) * 

(32) 
(33) 
(34) 
(35) 

(36) 

(37) « 

(38) X 

(39) « = 8, 
(40) 



X 

X 
X 



. 2, or - l-f.. 

« 4, or - 2. 

1 
7. or--. 

'If, or-li. 

1 ,1 

'g, or-lj. 

t2, or -3. 

.2, or^. 

2, or-1. 

= 16, or -20. 
.11, or -13. 

= 3, or -3. 

= 4, or — 1|. 
.7, or-1^ 

= S, or In- 
' 8, or -g. 

9, or--. 

= 1, or — 1-J-. 
= 2, or 4^. 



8, or 133J. 
16, or - 1 J. 



EXERCISES. X. 



(1) 


a: = «fc4. 




y = ±2. 


(2) 


ar=:=«fc8, 




y = ±10 



.} 



(3) X 

y 

(4) « 



= t3. J 



= 8, or-3i,| 
= 8^, or -8. / 



(5) 



(1) 

(2) 

(3) 
(4) 

(5) 
(6) 
(7) 
(8) 

(9) 



(1) 

(2) 

(3) 
(4) 



x = g,orj, 



y = l'Or-. 



ANSWERS TO THE EXEROISBS» 
1 



(6) flr-1, or-12,"^ 
y=S, or 11|. J 

(7) ««=«, or--, 

y = 4, or If. 

(8) ^ = 5, or -9i, I 
.y = 3, or-5|-J 



= 2, or-lj5,| 



(9) x = 2, or-lj^, 

J' 

(10) a?«S, or 2,1 
y=2, or 5./ 

(11) ar=2, or5i, 
^=4, or--. 

(12) *.= 7, or-^, 
Jf=6, or.~. 



EXERCISES. Y. 



12, and 13. 

Of 4^ O* 

4, and 16. 
14, and I96. 
12, and 13. 
20, and 10. 
8, and 18. 
13. 
1 
2* 



(10) 


13, 


and 12, miles 




' 


per hour. 


(H) 


9 miles per hour. . 


(12) 


25, 


and 20. 


(18) 


54, 


and 48. 


(14) 


18, 


and 12, miles, 


(15) 


4, and 5, yards. 


(16) 


4 miles per hour for 


wards. 


and 1 mile back 


wards. 





EXERCISES. Z. 



1 

5' 

J_ 

5x 

a 

V 

a 



(5) 




(6) 


36 
2a' 


(7) 


Sx' 


(8) 


X 



(9) 
(10) 

(11) 

(12) 



a-hb 

• 

c 
2a + J? 

m 
1 +.r 

a-6 



ANSWERS TO THE EXERCISES. 



(13) 
(14) 



5a : 4. 
4^ : 5j?. 



(15) 2a : 3b. 

(16) 8^ : jr. 



(17) 
(18) 
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28x : 5y. 
(n-l)x : 2a. 



(19) 


16 : 17. 


(24) 


^•=20*-^:*. 


(28) 


15, and 20 


(20) 


3a : 2b. 


(25) 


9:2. 


(29) 


tf = 2ax. 


(23) 


a*-x* = ab. 


(26) 
(27) 


4, and 6. 
2*y. 


(SO) 


4 



£X£RCISES. Za. 
(1) 71, and 96. I (2) 2, and-S. | (3) 5, and6|. 



(4) 400. 




(8) -460. 


(12) 


^£51.3*. 9 W. 


(5) 670. 




(9) S7i. 


and 18f. 5^. 


(6) 3900. 




(10) 196|. 


(13) 


£47. lOr. 


(7) 1430. 




(11) 78. 


(14) 

(17) 
(24) 


19^ miles. 


(15) g. 


(16) 1. 


i(« + *). 


(18) 8, 11. 


(21) 1, li2,2^. 


100^ and 


(19) li,2,2i. 




(23) lff7,l^,&c. 

• 


^767. 10*. 


(20) 96,92.88, 


84. 


and60. 


(25) 


1^ miles 
nearly. 




EXERCISES. Z5. 




(1) 2- 

(2) 2. 




(5) |. 


(7) 
(8) 


2. 
2a. 


(3) 3. 
1 




(6) 01,ori. 


(9) 


r 


(4) |. 






1S4-. 




(10) 3, and 9. 




(12) 




(11) ^'«n"* 


1 

125' 


1 


(IS) 







11 
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(14) 

(15) 

(16) 

(17) 



AKSWEHS TO THE EXERCISES. 



15. 
1 

2* 

20, 80. 
1 1 
2' 4" 



(18) 18,54,162. 

(19) 40, 16,6|. 

(20) Thefiwmer, 

^9 



(21) Yes. y. 

(22) i,l,S,9,&< 

(23) 15 times. 



MISCELLANEOUS EXEECISES. 



(1) 
(2) 

(8) 
(*) 
(5) 
(6) 



FIRST SERIES. 



gab, and gy. 
nu, and »«*. 
a\b'',axid2ab, 

1. 

6. 



(7) 

(8) 

(9) 

(10) 

(") 
(12) 



Yes. 

2abxyz, 
50. 
0. 
28. 



(1^) 4, the inde 
of a. 

(15) 6. 



(16) 


4«' - 96'. 


(18) 


46*-9«'4 


« 


(20) 2a"-. 


(17) 


9»i* - «'. 




24o'6-l6a^ 


(21) mndr^^b^. 




a». 


(19) 
(26) 


105a'*. 


I'i^. 




(24) 


4a-26c+9; 


(28) 26'-3a6-4a 


(25) 


3a- 4*. 


(27) 


2a + 3. 




(29) SaT+h. 


(30) 


2x2x2x2xSxaa6xf« 


• 


(35) 


a + h, and a — 6. 


(31) 


2x2x2x2x«^^^, 




{36) 


gjf + fl, and 2a?- a. 




2x2x7a«y. 




(37) 


4fl6 +3jr, and 4a6-S: 




O.C.M. 4«^. 




(38) 


12a. 


(32) 


ab. 




(39) 


6003^'. 


(3S) 


a + x. 




(40) 


24aV. 


(34) 


a + b, and a -t 


•6. 











(41) a, 

l~ar 



(50) 

(51) 

(52) 
(53) 
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33a 

Toh' 

a + x 
a — x' 

10 



(54) 
(55) 
(56) 

(^7) 



3 



(44) 

tn — p 



4a 
a + 1. 

a — Sjc 



(47) 
(48) 

(49) 



(58) 



JC + S. 

d: + 4. 



«y + bx 
ay — 6x 



(^) ^ 



//?y%\ ^ 4 



(61) 2jc-a. 

(62) 6 + 3a. 



(65) rt*^-a». 
(64) j^x. 

4 



(65) -f-;. 

(66) -341. 



(67) No. An Identity. 


(72) a: = 27. 




(77) * = 9. 


(68) a? = 10. 




(73) « = 3. 




(78) « = 7. 


(69) x = 12. 




(74) * = -. 




(79) * = 7. 


(70) x=6. 




(75) « = 5. 




(80) *=l. 


(71) ^'1. 




(76) « = lfi. 




(81) x=l. 


(82) x = 6,\ 
5^ = 8./ 


(85 


) X = 25,) 
^ = 5. / 


(88) a: = l; 

> 


(83) X = 48,-1 
5^ = 56./ 


(86) X = 3,1 

j^ = 4./ 


1 


(84) a? = 4,| 
5^ = 3./ 


(87) ir = 4,\ 


(89) « = 10,\ 




y = 7.j 




^ = 16.J 
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(90) 
(91) 

(92) 
(9S) 
(9*) 

(95) 



(1) 
(2) 
(3) 

(4) 
(5) 

(6) 

(7) 
(8) 

(9) 



(30) 



ANSWERS TO THE EXERCISES. 

(96) 



30. ' 

14 half-crowns, and 
49 shillings. 

16^, and j|. 

00165, and 0-0135. 

1 5 miles, and 2 miles 
per hour. 

l6^ min. past 3. 



311 quarts of the best^ 
and 18f of the other. 



(97) 


6qrs. of wheat; 10 qrs. 
of barley. 


(98) 


4 sov., 59 sh., and 55 six- 




pences. 


m 


5 guineas; number of 




persons 15. 


(100) 


4. 



MISCELLANEOUS EXEKCISES. 

SECOND SERIES. 
5 — x 



— rx. 

No. 
Yes. 
3g + l 

a + 6 + p - rf. 
Qbx + 2%. 



(11) n. 

(12) 5x, 

(13) a?. 

(14) a«+2a6+2f6' 

(15) jr'-gor'+a?. 



(16) 
(17) 



(25) 


ir = 4. 


(26) 


J? -12. 


(27) 


x=8. 


(28) 


x = 3f. 


(29) 


3 

J? = . 

5 



-2 

4* —— ~ . 

7 



a 
b' 

3a + 26 
3b -2a' 



(18) a:»+p + I. 

(19) a"+-a+a+-. 



(23) 
(24) 



(31) ar 

(32) 

(33) X 

(34) a: 

(35) X 
{3Q) X 



X — 



-4i 
6i 



= 5, or 5|. 
= 2, or-lf 



^ 1 , 

4-*-?~^- 



ar** - a*. 



(20) 

(21) 
(22) ^ + Jb. 
4a?' + 9/ 



4^-9/" 

x{x 4- 1) 

~2 • 



(37) ^ = 2,or4l. 
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(38) ar = 2,or~. 

{3^) ar = 4, or 3\. 
(40) a? = 5, or6,i. 



3a 



a 



x^ — , or — . 
4' 2 



(41) 

(42) J?- 2, or-2^. 



\ 
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(43) 


« = 8,) 


(46) 


x = 


:1:} 




(49) ^ = 7, \ 
y - 12./ 




y = 2j 




y^ 




(44) 


« = 4,-) 


(47) 


x = 


4W 




(50) x^w; 

J^ = 12./ 


i 




y = 




(45) 


« = 131,1 

y = 3i. J 


(48) 


X- 


6,| 




(51) x-=t3, 1 






y = 


^ = S, or \.) 


(52) 


35 feet 






(56) 


A 5s,, B 3.V. 


(53) 


£7500. 






(57) 


320. 


(54) 


22, 18, 50. 






(58) 


1 8, 38, 62. 


(55) 


22. 

4 dozen. 


— 




(59) 


2 1 6 apples, 96 oranges. 


(60) 




(6%) 


16. 


(61) 


, and 


n 

• 




(70) 


52, and 48. 


V ^ 


« + l 


» + l 






3 5 


(62) 


S2f. and 14. 






(71) 


7' 9' 


(63) 
(64) 


300. 

£8100, and 9. 




(72) 


2, or 9, days. 


(65) 


7^ miles, 100 yards. 


(73) 


15, 21, 24. 

o 


(66) 


355. 






(74) 


From 3 to 25 per cent 


(67) 


47. 






(75) 


ll2lbs. silver, ) 
361bs. copper./ 


(68) 


£70, £52, 

* = :; — r- 

4a -6 


£40. 






(77) 




(83) 
(84) 


3*3137 inches. 
1 : 2. 


(79) 


4, 10, 6. 






(85) 


£5825. 8*. 5ji. 


(80) 


27, 48. 






(86) 


123, 68, 16, 43. 


(81) 


6. 






(87) 


8*24 in. nearly. 


(82) 


1 : 8. 






(88) 


63 years, a.d. 1742. 








• 
THE 


END. 







BY THE KEV. T. LUND, B.D. 



1. A Key to the Short and Easy Course of Alge- 
bra, containing Solutions of all the Exercises. Stitched, 6s, 

2. Elements op Geometry and Mensuration, 

with Easy Exercises designed for Schools and Adult Classes, in 
four parts. 

Part I. Geometry as a Science. Is. 6(L 

Part II. Greometry as an Art. 2s, 

Part III. Geometry combined with Arithmetic. (Preparing.) 

Part IV, Geometry combined with Algebra. {Preparing.) 

Parts I. and II. may be had together in one volume, boards, 
price Ss. 6d., forming a short comprehensive treatise on Greometry, 
both theoretical and practical. 

''Mr. Lund's 'Geometry as a Science* contains in 87 pages, the most 
useful propositions of the first six books of Euclid. * * ♦ For 
schools and adult. classes it is peculiarly and happily adapted, 
and we earnestly recommend it as a very useful little volume. " — 
English JottrfuU of Editcation. 

"A better introduction (Part I.) to Geometry can hardly be ima- 
gined ; and we are glad to find it is published at so reasonable a 
price, because it is a work that ought to be used extensively in 
our national schools and schools of design, and widely circulated 
among our manufacturing population." — Ath^enamm. 

''Well adapted to the wants of those for whom it is written, e. g. 
persons desirous of learning both the principles of theoretical 
geometry, and their practical application to the purposes of 
common life. For self-teaching it appears excellent.** — Gardeners* 
Chronicle. 



BY THE REV. T. LUND, B.D. 



3. Wood's Algebra, revised and much enlarged, 

with numerous Examples^ Problems, and Easy Exercises. Four^ 
teenth Edition, 12«. 6d, boards, 

** The works of Dr. Wood have continued to increase in circulation, 
and are likely to exercise for many years a considerable influence 
upon our national system of Education ; for they possess in a 
very eminent degree the great requisites of simplicity and ele« 
gance, both in their composition and design. * * * In later 
times a great number of elementary works on Algebra, possessing 
various degrees of merit, have been published. Those, however, 
which have been written for purposes of instruction only, without 
any reference to the advancement of new viev^, either of the 
principles of the science, or to the extension of its applications, 
have generally failed in those great and etsextial requisites of 
simplicity, and of adequate, but not excessive, UlvMraiion, for 
which the work of Dr, Wood is so remarhahly distinguished,^ — 
Professor Peacock* s Beport to the British Association " On Certain 
Branches of Analysis, " 

4. Companion to Wood's Algebra, containing 

Solutions to all the difficult Questions and Problems in the 
former work. Second Edition, 6^. boards. 

5. A Key for Schoolmasters to all the Questions 
and Problems in Wood's Algebra by Lund. (Preparing,) 
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Muller's' C}erman Reading-Book 

Rowan's Morceaux choisis des Auteurs Modemes, & I'usage de la Jeunesse 68. 
Tarver's Eton French Reading-Book,— Prose, Verse, and Phraseology, 12mo. 7s. 6d. 

„ Choix en Prose, 12mo Ss. 6d. 

„ „ Vers, 12mo Ss.Cd. 

Wintzer's First German Reading-Book, for Beginners, fcp. 8vo 5s. 

GBEEE CLASSICAL AITTHOSS, ftc. 

Abistotle's Politics, with English Notes, &c., edited by Eaton, 8vo lOs. 6d. 

EuBiPiDES, the 5 Plays, with English Notes by Mi^or, poet 8vo 2te. 

Hbbodotus, with English Notes, &c., edited by Stocker, 2 vols, post 8vo. . .188. 

HoMEB's Iliadt with English Notes, &c., edited by Valpy, 8vo 10b. 6d. 

Linwood's Anfhologia Oxoniensia (Greek, Latin, and English), 8vo lis. 

„ Treatise on the Qreek Metres^ 8vo 10s. 6d. 

Sophocles, with English Notes, &c., edited by Brasseandothers,2vols.p.8vo. 8to. 

„ edited, with short Latin Notes, by Linwood, 8vo 16b. 

Theatre of the Greeks, edited by Donaldson, 8vo 15b. 

Walford's Handbook of the Greek Drama, 12mo 

Xenophon's Anabasis^ with English Notes, &c., edited by White, 12mo. . . 7b. 6d. 

„ MemorcUrilia, with English Notes, &c., edited by Hickie, p. 8vo. 88. 6d. 

GBEEE GBAITMABS, EZEBGISE-B00X8, ftc. 

Collis'sPraxisGraeca: Questions AExaminationPapers.PtL EtjfmoloffV»1Sxno. 28. 6d. 

„ Chief Tenses of the Greek Irregular Verbs, 8vo la, 

Howard's Introductory Greek Exercises, 12mo. (Key, 2s. 6d.) 58. 6d. 

Kennedy's Greek Grammar (Gnecee Grammaticee Institutio Prima), 12mo. . is. 6d. 

„ Palsestra Stili Gneci, or Greek Prose Materials, 12mo 

„ „ Musarum, or Greek Verse Materials, 12mo 

Moody's New Eton Greek Grammar, in English, 12mo 48» 

Pycrofb's Greek Grammar Practice, 12mo ....... 88.6d. 

Valpy's Elements of Greek Grammar, with Notes, 8vo 6b. 6d. 

„ Greek Primitives and Leading Words, 12mo 68, 

Valpy's Greek Delectus, improved by White, 12mo. (Key, 28. 6d.) 4b. 

„ Second Greek Delectus, or New Analecta MinoAi, 8vo 98. 6d. 

Walford's Card of the Greek Accidence, 8vo Is. 

M u *i •* Prosody,8vo It. 

„ „ M „ Accents, 6th Edition 6d. 

YoDge's Exercises in Greek Prose Compoeitkm, 12mo. (Key, Is.) 60. €d. 

GBEEK LEXICOirs, &o. {»ee "Latin and Greek*'). 

London : LONGMAN, BBOWN, GEEEN, and LONGMANS. 
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GEOOBAFHT, GAZETTEERS, ftc. 

Arrowsmith's Geographical Dictionary of the Holy Scriptures, 8vo 15s. 

Bowman's Questions on Hall's First or Elementary Atlas 2s. 

Butler's Sketch of Ancient Geography, post 8vo 43. 

„ „ Modem Geography, post 8vo 48. 

„ Modem and Ancient Geography complete, post Svo 7s. 6d. 

Cabinet Gazetteer, by the Author of the Cabiriet Lawyer ^ fcp. Svo 10s. 6d. 

Challener's Descriptive Ge(^aphy of England, 18mo. with Woodcuts 

Cunningham's Abridgment of Butler's Geography ^ fcp. Svo 2s. 

DowUng's Introduction to OoldsmUh's Qeogrcvphy^ ISmo dd. 

„ Questions on Goldsmith's Qeoffraphy^ ISmo. (Key, 9d.) Od. 

Falmouth's Conversations on Geography, or Child's First Introduction, fcp. 7s. 6d. 

Goldsmith's Grammar of General Gec^raphy, fcp. Svo. (Key, ISmo. Is.) Ss. 6d. 

Hartley's Geography for Youth, 12mo. (Outlines, ISmo. 9d.) 48. 6d. 

Hiley's First Geography for the Elementary Classes, ISmo ;9d. 

„ Progressive Geography, in Lessons and Exercises, 12mo 2s. 

Hughes's (E.) Geography for Elementary Schools, ISmo ." Is. 

„ Outlines of Physical Geography, 12mo 3s. 6d. 

„ Examination Questions on Physical Qeoffraphy, fcp. Svo 6d. 

„ Outlines of Scripture Geography and History 48. 6d. 

Hughes's ( W.) Manual of Geography, Physical, Industrial, and Political . . 7s. 6d. 

„ „ British Geography, fcp. Svo 2s. 

„ „ Mathematical Geography, fcp. Svo 4b. 6d. 

„ General Geography, in Qleig's School Series, ISmo Is. 

„ British Geography, in Qleig's School lories, ISmo Is. 

„ Child's First Geography, in Qleig's School Series, ISmo 9d. 

Johnston's New C}eneral Gazetteer of the World, Svo S6s. 

Keith On theGlobe8,byTaylor,LeMe8urier,andMiddleton,12mo.(Key,2s.6d.) 6s. 6d. 

M'Leod's Geography of Palestine or the Holy Land, 12mo Is. 6d. 

Mangnall's Compendium of Geography, for Schools, 12mo 78. 6d. 

Maunder's Treasury of Geography, completed by W. Hughes, fcp, Svo 

Stepping-Stone to Geography, in Question and Answer, ISmo Is. 

Sterne's School (Geography, Physical and Political, 12mo Ss. 6d. 

Sullivan's Creography C^eneralised, 12mo 2s. 

„ Introduction to Ge<^aphy and Histoiy, ISmo Is. 

Wheeler's Ge<MiTaphy of Herodotus developed,explained, and illustrated, Svo. ISe. 

GEOHETBY. 

Lund's Geometry as an Art, with Easy Exercises, fcp. Svo 2s. 

„ ,^ aScienoe»with£asy Exercises, fcp. Svo Is. 6d. 

Narrien's Elements of Geometry, for Sandhurst College, Svo. 10s. 6d. 

Tate's Principles of Geometxy, Mensuration, Trigonometry, &c., 12mo Ss. 6d. 



* 



GSADUBES. 

Brasse's Greek Gradus, or Prosodial Lexicon, Svo ISs. 

Maltby's New and Complete Greek Gradns, Svo 2l8. 

Yonge's New Latin Gradus ad Pamassum, post Svo 98. 

„ Dictionary of Latin Epithets, post Svo 8«.6d. 



London : LONGMAN, BROWN, GREEN, and LONGMANS. 
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HISTOBIGAL and KISGELLANEOITS SCHOOL BOOKS. 

Anthony's Footsteps to Modem ffistory, fiop. 8vo. 58. 6(L 

Balfbor^s Sketches of English Literature 7s. 

Brewer's Elementary Atlas of History and Geography, royal 8vo 12s. 6d. 

Brovnxe's Ancient Greece, ISino Is. 

„ „ Rome,18mo Is. 

Burton's History of Scotland, from 1689 to 1748, 2 vols. Svo. 268. 

Child's First History of Rome, fcp. Svo 28. 6d. 

Comer's Historical Questions, or Sequel to IfanffnalPg, 12mo 5b. 

Farr's School and Family Histoiy of England, 12mo 5s. 6d. 

first History of Greece, by Author ofthe CAUd^sFirrtHistorj/cf Borne J!cg.S\o. 3s. 6d. 

Gleig's England, or First Book of History, I8mo. (doth, 2s. 6d.) , . 2s. 

„ British Colonies,, or Second Book of ffistory, 18mo Is. 

», „ India, or Third Book of History, 18mo Is. 

„ Sacred History, or Fourth Book of History, 18mo. (cloth, 2s. 6d.) . . 28. 

Historical Questions, Part I. On the above Four Histories, ISmo Is. 

Gleig's France, 18mo , Is, 

Oomey's Historical Sketches, iSSfcondiSfipries, St. Louis and HenriIV.»fcp.8vo. 6s. 

Keightley's Outlines of History, fcp. Svo Ss. 6d. 

Kaddntosh's England, 2 vols. Svo «. ..^.. . .218. 

Hangnail's Historical and IQsoellaneous Questions, 12mo. 48. 6d. 

Mann*s Lessons in General Knowledge, or Elementary Beading-Book, fcp. Svo. Ss. 6d. 

Karcet's Conversations on the History of England, ISmo 5s. 

Maunder's Historical Treasury, fcp. Svo .10s. 

Menzies' Analysis ofthe Constitution and History of England, ISmo Is. 

Mmvale's Romans under the Etnpire, Yols. L toIII. Svo. 128. ; Vols. IV. & Y . S28. 

„ Fall ofthe Roman Empire, 12mo 78.6d. 

Mare's Language and Literature ofAndfflit Greece, S^ vols. Svo. 368.; yoUIY. ISa. 

Schmitz's Greece, mainly based an ThirltoaU's, 12mo 78. 6d. 

Scotf s Scotland, 2 vols. fcp. Svo . 78. 

Stafford's Compendium of ITniversal History, 12mo Ss. 6d« 

Stephen's Lectures on the History of France, 2 vols. Svo Sis. 

Stepping-stone to English History, in Question and Answer,. ISmo , . . . Is. 

„ t, Roman History, in Q^e8tion and Answer, ISmo. Is. 

Sterne's Questions on Generalities, Isftft 2d Series, 12mo. each (Keys, ea. 4s.) 28. 

Thirlwall's Histoiy ofXJTreece, S vols. Svo .' £3 

„ „ „ S vols. fcp. Svo 286. 

Tamer's Anglo-Saxons, 3 vols. Svo 88h. 

„ England during the Middle AgM» 4 vols.. 8ro .m,,.. .«....50tk 

Tetter's Elements of General Hiatory, 8vow. » 14s. 

Talpy'8 Latin Epitome of SacndHistesy, IStno.......... ...... *.....«..».,.«.«.. St. 

JUVENILE WOBKS. 

Jooraal kept during a Summer Tour Abroad, fcp. Svo Ss. 

Maroet's Ridi and Poor, ISmo - Is. 

Seasons, or Stories for very Young Children, 4 vols. ISmo. each. . . . Ss. 

Willy's Holidays, or Conversations on GovemmflPt,.18mo> Ss. 

M ** Stories for Young Children, ISmo. 28. 

w M Travels on the Railroad, ISmo 28.6d. 
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I.AND-STJBVETIN0 and MENSUBATIOK. 

Lnnd's Elements of Geometry and Mensuration, fcp. 8vo 

Nesbit's Treatise on Practical Land-Sorveying, with 250 Examples, 8vo 128. 

f , ,. „ Mensuration, 12mo. (Key, Ss.) 6s. 

Scott's Mensuration and Trigonometry, for Sandhurst Ck>llege, 8vo 98. 6d. 

Tate's Principles of Mensuration, Land-Surveylng, Levelling, &c., 12mo. ... Ss. 6d. 

LATIN GRAMMARS, EXESCISE-BOOKS, &o. 

Barrett's Little Arthur's Latin Primer, 12mo Is. 

„ Latin Exercises for the Lowest Form, 12mo Ss. 6d. 

Bradley's New Latin Prose Exercises, 12mo. (Key, 58.) Ss. 6d. 

Ck>llis's Chief Tenses of the Latin Lregular Verbs, 8vo Is. 

Hiley's Elements of Latin Grammar, 12mo Ss. 

„ Progressive Exeraises on Latin Accidence, 12mo 2s. 

Howard's Introductory L^tin Exen^s, 12mo 28. 6d. 

„ Latin Exercises Extended, 12mo. (Key, 2s. 6d.) Ss. 6d. 

Kennedy's Elementary Grammar of the Latin Language, 12mo Ss. 6d. 

M Latin Vocabulary, on Etymological Principles, 12mo 

„ Child's Latin Primer, or First Lessons, 12mo 2s. 

„ Tirociniimi, or First Latin Beading^Book, 12mo 2s. 

„ Palsestra Latina, or Second Latin Beading-Book, 12mo 5s. 

„ „ Stili Latini, or Latin Prose Materials, 12mo 68. 

„ „ Camenarum, or Latin Verse Materials, 12mo 

Moody's New Eton Latin Grammar, in English, 12mo. (Accidence, Is.) .... 28. 6d. 

Pycroft's Latin Gramnutr Practice, 12mo 28. 6d. 

Rapier's Second Latin Verse-Book, \yy Arnold, 12mo. (Key, 28. 6d.) Ss. 6d. 

Valpy 's Elements of Latin Grammar, with short English Notes, 12mo 2s. 6d. 

„ Elegantise Latins, 12mo. (Key, 28. 6d.) 4s. 6d. 

„ Latin Delectus, improved l^ White, 12mo. (Key, Ss. 6d.) 28. 6d. 

„ Manual of Latin Etymology, fcp. 4to 78. 

„ Sacrse Historiss Epitome, with English Notes, 18mo 2a. 

Walford's Progressive Ezerciaes in Latin Elegiacs, 2 Series, 12mo. each .... 2s. 6d« 

1, „ Key to the Ftrs^ iSSeries, 24mo 5s. 

Grammar of Latin Poetry, 12mo Is. 

Hints on Latin Writing, royal Svo : . . . Is. 6d. 

Exercises in Latin Prose, adapted to the above Hintt, 12mo 2s. 6d. 
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„ Card of the Latin Accidence, Svo Is. 

*> „ „ Prosody, Svo. Is. 

White's New Latin Grammar, complete, 12mo 28. 6d. 

„ Latin Accidence, 12mo Is. 

„ Eton Latin Grammar, 12mo Is. 9d. 

„ Second or Lai^r Latin Grammar, 12mo Is. 6d. 

Wilkins's Notes for Latin Lyrics, for the use of Schools, 12mo 4s. 6d. 

Yonge's Exercises for Latin Verses and Lyrics out of ** Own Sense," 12mo. . 4s. 6d. 

„ „ in Latin Prose Composition, 12mo. (Key, Is.) 5s. 6d. 

Zumpt's Lai^r Latin Grammar, transl. and adapted by Dr. L. Schmitz,Svo. 14s. 
School Grammar of the Latin Language, by the same, 12mo 4s. 
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lAmr and GBEEX LEXICONS, DIOnOlTABIES, &o. 

Bloomfield's Greek-English Lexicon to the N«w Testammit, fbp. 8to. ....... l(k. 6cU 

Xn^^hman's Oreek C!onoordanc« of the New Testament, royal 8vo ttft, 

KicSi'sIIlastratedCompaniontotheLatiAl>ietionaryandOr«ekLexicon,p.8T0.21b. 
Kiddle's Latin-Engiish and English-Latin Diotionary.Svo. 218.; and8<i.l2moJ28. 

M Diamond Latin-English Dictionary, royal S2mo 4s. 

M Copious and Critical Latin-English Lexicon, 4to Sis. Qd. 

M Latin-English Dicti<xiary, 8vo. 168. ; square 12mo» . . »..^^ . . .^ . .«« . 7fl» 

M English-Latin Dictionary, 8vo. 7s. ; square 12mo 5s. 6d. 

M and White's New Latin-English Dictionary, royal 8to. 

M and Arnold's English-Latin Lexicon, 8vo 258. 

M (» English-Latin Dictionary, hy Ehden, square postSvo. 10b. 6d« 

Bobinson's Oreek-English Lexicon to the New Testamant, 8vo 18b» 

ToDgd's Dictionary of Latin Epithets, post 8?o Ss. 6d. 

M New EnglishrGreek Lexicon, 4to 2Uk 

M it Latin Oradus ad Pamassimi, post 8vD ... 9lb 

LAmr CLASSICAL AUTHORS. 

CxSAB's Commentaries, with English Notes, &c. hy AnChon, 12mo. 4b. 6d. 

M f f Anthon's Edition, as above, improved by Hawkins, 12mo. 4s. 6d. 
Ckcsbo's Select OrcUiowtt with English Notes,, by Anthon, 12mo 68. 

,» CcOo Major and Lmliuit with English Notes, &o. by White, 12mo. 3s. 6d. 
OoaarsLius Nxpob, EnglishNotes, &o. by Bradley, improved by White, 12m0k Ss. 6d. 
ScTBOPius, with English Notes, &c by Bradley, improved by White, ISmo. 28 6d. 
HoxACB, English Notes and Strictures, by Girdlestone and Osborne, 12mo. . 78. 6d. 

„ with short English Notes, by Valpy, 18mo 68. 

liZVT, the First Five Books, with English Notes, &c. by Hickie, post 8vo. . . Ss. 6d. 
Ovid's 3f^amo;i>Aose», Engl. Notes, &c by Bradley, improvedbyWhite,12mo. 4s. 6d. 
On]> and Tibulltts, the Eton Selection, with English Notes by Valfiy, 12mo. 4s.. 6d. 
P&SDBUS, with English Notes, &c. by Bradley, improved by White, 12mo. 28. 6d. 

Sajxust, with English Notes, Oommentaiy, &c. by Anthon, 12mo 5b. 

Tacitus, Gernumia and Apricola, with English Notes, &c. by White, 12mo. 48. 6d. 
Tbbsitce, from Belnhardf s Text, with English Notes, &c. by Hickie, 12mo. 9s. 6d. 
TiBGiL, Wagner's Text, with Notes and 6000 References, by Pycroft, 12mo. 7s. 6d. 

„ with short English Notes by Valpy»18mo 7s.6d. 

SITSIC-BOOKS, &c. 

Conversations on Harmony, with Music interspersed, 8vo 12s. 

Tormby 's Young Singer's Book of Songs, 4to Ss. 6d. 

M Collection of Forty Amusing Rounds and Catches iB. 

w Saored Songs, 4to 8b. 6d. 

„ Sixty Amusing Songs for Little Singers, 4to 28.6d. 

Stepping-Stone to Music, in Question and Answer, 18mo Is. 

Tnrle and Taylor's Singing-Book, or the Art of Singing at Sight, 16mo 5s. 

LoDdon : LONaMAN, BBOWN, G^REEN, and LONGHtfANS. 
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MATHEMATICS. 

Cape's Course of Mathematics, for Addiscombe Seminary, 2 vols. 8vo SSs. 

Salmon's Treatise on Conic Sections, 8vo 12a. 

Tate's Mathematics for Working Men, Part I. Arithmetic and Alffebra, 8vo. 28. 
Wrigley's Collection of Mathematical Examples and Problems, Svo 8b. M. 

MENSITBATION (tee '* Land-Stuveying^). 

NATURAL HISTOST. 

Lee's Elements of Natural History, or Ilrst Pi^ciples of Zoology, fcp. Svo. 78. 6d. 

Marcet's Lessons on Animals, Vegetables, and Minerals, 18mo 2a. 

Maunder's Treasury of Natural History, fcp. 8vo. Wa. 

Stepping-Stone to Natural History, in Question and Answer (doth, 28. 6d.) . 28. 
Van Der Hoeven's Handbook of Zoology, translated by Clark, 8vo 

FTTBIIG SFEAKIK0. 

Rowton's Debater, or New Theory of Public Speaking, fcp. Svo, ft. 

BEUGIOTJS and MOBAL WOBXS. 

Bloomfield's larger Greek Testament, with copions English Notes, 2 y. 8vo> tSs. 

„ Coll^^ and Sdiool Greek Testament, English Notes, fbp. Sra . . 78. 6d. 

„ M t> Lexicon to the Greek Testament, ftp. 8ro. . . 16s. 6d. 

Conybeare and Howson's L!fb and Epistles of 8t. Paul, 2 vols. 4to.. 48s. 

Cotton's Short Prayers for "Boys, Iftno Is. 6d. 

Englishman's (Sreek Concordance of the New Testament, royal 8vo 428. 

„ Hebrew Concordance of the Old Testament, 2 vols, royal 8vo.788. M. 

GMg's Sacred History, 18mo. (dotht 28. 6d.) 2lL 

Home's Introduction to the Study and Knowledge of the Scriptures, 4 v. Svo. 

„ Compendium of Ditto, 12mo SS. 

Humphreys's Manual of Monti Philosophy, fcp. Svo 28. 6d. 

Jones's Lttiugical Class-Book, ISmo Is. 6d. 

KaUsch's Commentary on JBxodut, Svo. 19s. ; and CAbrldged) 12b. 

Paley's Evidences of Christianity and Hone Pauline, by Potts, Svo. Ids. 6d. 

IteadingsfbrEveryDayinLent,from Jeremy T&y lor, fbp. Sva 5s. 

„ a Month preparatory to Confirmation, fcp. 8ro 4s. 

Boibinsooi'^ Greek and English Lexicon to the Greek Testament, Svo 18s. 

SeweU's Catechism of Early English Churcb History, ftp. Svo 2lL 

Stepping-stone to Bible Knowledge, in Question and Answer, 18mo Is. 

Tayl(»:'B Gallery or Collective Bible Lessons, 12mo Ss. WL 

„ Word-Pietura8fromtb«BBfle,12nM). 4i.«d. 

ToiBline'sIntrodaetkmtDtheSltt^aClheBftk|,fcp.8vo 56.6d. 

Tinner's Sacred History flfthsWoKkl, 8 TOls. post 8t« *.^ SZs.fld. 

Yalpy's Latin Bpitoms of Sttored History, ISmo. * Bs. 

Whseler's Popular Hannofny of the Bifaie,f9.dvo ^ flt. 

London t LONGMAN, BBOWN, GKEEN, and LONGMANS. 
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SCIENCE in GENERAL, NATTTBAL FHILOSOFHT, &c. 

Brande's Lectores on Organic Chemistry, fcp. 8vo. Woodcuts 7s. 6d. 

Brewster's Treatise on Optics, fcp. 8vo Ss. 6d. 

Downing's Elements of Practical Hydraulics, 8vo Ss. 

Faraday's Lectures on the Non-metallic Elements, fcp. Svo 5s. 6d. 

Galbraith and Haughton's Manual of Hydrostatics, 12mo 2s. 

„ „ „ Mechanics, 18mo 2s. 

„ „ „ Optics, 12mo 2s. 

„ „ Scientific Manuals, each 2s. ; or cloth 28. 6d. 

Herschel's Preliminary Discourse on the Study ofNatural Philosophy, fcp.8vo. 3s. 6d, 

Hunt's Researches on Light, 8vo. Woodcuts 10s. 6d. 

Lardner and Walker's Electricity, Magnetism, & Meteorology, 2 v. fcp. 8vo. 7s. 

Lardner's Cabinet Cydopeedia, 138 vols £19. i9s. 

„ Treatise on Heat, fcp. 8vo. Vignette, &c 8s. 6d. 

Mann's Book of Health, in Qleig's School Series, ISmo Is. 

Marcet's Conversations on Natural Philosophy lOs. 6d. 

„ „ Land and Water, 8vo 58. 6d. 

„ „ Vegetable Physiology 9s. 

Maunder's Scientific and Literary Treasury, fcp. 8vo 10s. 

Moeeley's Illustrations of Practical Mechanics, fcp. Svo Ss. 

Pereira's Lectures on Polarised Light, edited by Powell, fcp. Svo 78. 
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